
✻ ◆■❍❆◆❏❊ ✶✵✺

✻ ♥✐❤❛♥❥❡

✻✳✶ ♠❡❤❛♥s❦❛

✶✳ ❍✐tr♦st ♥❡❦❡❣❛ ♥✐❤❛❧❛ s❡ s♣r❡♠✐♥❥❛ ♣♦ ❡♥❛↔❜✐✿ v(t) = 5 cm/s · cos(1, 5 s−1 · t)✳ ◆❛r✐➨✐ ✐♥ ♦③♥❛↔✐
❦❛❦♦ s❡ s♣r❡♠✐♥❥❛❥♦ ♦❞♠✐❦ ❤✐tr♦st ✐♥ ♣♦s♣❡➨❡❦ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ↔❛s❛✦

❘♣✿ ❩❛❞❡✈❡ s❡ ❧❛❤❦♦ ❧♦t✐♠ t❛❦♦❧❡✿

✭❛✮ ❣r❛❢ ❤✐tr♦st✐ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ↔❛s❛ ✭❜✮ ❣r❛❢ ♦❞♠✐❦❛ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ↔❛s❛

✭❝✮ ❣r❛❢ ♣♦s♣❡➨❦❛ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ↔❛s❛

❙❧✐❦❛ ✸✷✿ ●r❛❢ ❤✐tr♦st✐✱ ♦❞♠✐❦❛ ✐♥ ♣♦s♣❡➨❦❛ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ↔❛s❛✳

✈❡♠✿
v(t) = v0 · cos(ω · t)
ω✲❦♦t♥❛ ❤✐tr♦st✲❦♦t♥❛ ❢r❡❦✈❡♥❝❛
✐③ ❡♥❛↔❜❡ r❛③❜❡r❡♠♦✱ ❞❛ ❥❡ ω = 1, 5 s−1 ✐♥ ♥❛❥✈❡↔❥❛ ❤✐tr♦st v0 = 5 cm/s

✐③r❛↔✉♥❛♠♦ ➨❡ ♥✐❤❛❥♥✐ ↔❛s✿

t0 =
2π

ω
=

2π

1, 5 s−1
= 4, 2 s

t♦r❡❥ ❣r❛❢ v(t) ❧❛❤❦♦ ♥❛r✐➨❡➨ ❜r❡③ ♣r♦❜❧❡♠❛✳ ❣r❛❢ ❝♦s✐♥✉s❛ ❥❡ ✈ ②✲♦s✐ r❛③♣♦t❡❣♥❥❡♥ ❞♦ ✺✱ ✈
①✲♦s✐ ♣❛ r❛③t❡❣♥❥❡♥ ♥❛ ✶✳✺✳ ❚♦r❡❥ s♦ ❤r✐❜↔❦✐ ✐♥ ❞♦❧✐♥❝❡ ♠❛❧♦ ❜♦❧❥ s❦✉♣❛❥✳
❣r❛❢ x(t) = x0 · sin(ω · t)
♥❛❥✈❡↔❥❛ ❤✐tr♦st ❥❡✿ v0 = ω · x0✱ ❦❥❡r ❥❡ x0✲❛♠♣❧✐t✉❞❛

x0 =
v0

ω
=

5 cm/s

1, 5 s−1
= 3, 33 cm

♣♦s♣❡➨❡❦✿ a(t) = −ω2 · x(t) = −ω2 · x0 · sin(ω · t)

a0 = ω2 · x0 = (1, 5 s−1)2 · 3, 33 cm = 7, 5 cms−2

✷✳ ❖❞♠✐❦ ♥❡❦❡❣❛ ♥✐❤❛❧❛ s❡ s♣r❡♠✐♥❥❛ ♣♦ ❡♥❛↔❜✐✿ x(t) = 8 cm · cos((3, 5) 1/s · t)✳ ◆❛r✐➨✐ ✐♥ ♦③♥❛↔✐
❦❛❦♦ s❡ s♣r❡♠✐♥❥❛❥♦ ♦❞♠✐❦ ❤✐tr♦st ✐♥ ♣♦s♣❡➨❡❦ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ↔❛s❛ ✦

❘♣✿ r❡➨✉❥❡➨ ♣♦❞♦❜♥♦ ❦♦t ✈ ③❣♦r♥❥✐ ♥❛❞❧♦❣✐ ✿✮

✸✳ ◆✐❤❛❧♦ ♣r✐❞❡ ✐③ ❧❡✈❡ ✈ ❞❡s♥♦ ❛♠♣❧✐t✉❞♥♦ ❧❡❣♦ ✈ 0, 25 s✳ ❑♦❧✐❦➨♥✐ s♦ ♥✐❤❛❥♥✐ ↔❛s✱ ❢r❡❦✈❡♥❝❛ ✐♥
❞♦❧➸✐♥❛ t❡❣❛ ♠❛t❡♠❛t✐↔♥❡❣❛ ♥✐❤❛❧❛❄
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❘♣✿ t0 ✲ ♥✐❤❛❥♥✐ ↔❛s
t0 = 2 · 0.25 s = 0.5 s ✲ ❥❡ t♦ ❥❛s♥♦❄
♥❡❄ t♦ ❥❡ ③❛t♦✱ ❦❡r ❥❡ ♥✐❤❛❥♥✐ ↔❛s ↔❛s✱ ❦✐ ❣❛ ♣♦r❛❜✐ ♥✐❤❛❧♦ ❞❛ ♣r✐❞❡ ✐③ ③❛↔❡t♥❡ ❧❡❣❡ ③♦♣❡t ✈
t♦ ❧❡❣♦✳ ✿✮
ν ✲ ❢r❡❦✈❡♥❝❛

ν =
1

t0
= 2 s−1

ω2 =
4 · π2

t20
=

g

l

=> l ✲ ❞♦❧➸✐♥❛ ♥✐❤❛❧❛

l =
g · t20
4 · π2

=
10 m/s2 · (0, 5 s)2

4 · π2
= 0, 0633 m = 6, 3 cm

✿✮

✹✳ ◆✐❤❛❧♦ ♥✐❤❛ ❤❛r♠♦♥✐↔♥♦ ③ ❛♠♣❧✐t✉❞♦ 5 cm ✐♥ ❢r❡❦✈❡♥❝♦ 10 Hz✳ ❑♦❧✐❦➨♥❛ st❛ ♥❛❥✈❡↔❥❛ ❤✐tr♦st ✐♥
♣♦s♣❡➨❡❦ ♥✐❤❛❧❛❄ ■③r❛↔✉♥❛❥ ♦❞♠✐❦ ♣♦ ↔❛s✉ 4 s✱ ↔❡ ❥❡ ♥✐❤❛❧♦ ✈ ③❛↔❡t❦✉ ✉ ✈ r❛✈♥♦✈❡s♥✐ ❧❡❣✐✦

❘♣✿ ❘▲✳ ✳ ✳ r❛✈♥♦✈❡s♥❛ ❧❡❣❛
νfrekvenca = 10Hz

a = 5 cm

ω . . . kotnafrekvenca = 2π
to

νfrekvenca = 10Hz ♣♦♠❡♥✐ ❞❛ ✈ to = 0.1 s ♥❛r❡❞✐ ♥✐❤❛❧♦ ❡♥ ♥✐❤❛❥
❚♦r❡❥ ❥❡ ♦❞♠✐❦ ♦♥ ❘▲ ♣♦ 4 s ❂❂❂❂❂❂ 0 m✳
♥❛❥✈❡↔❥❛ ❤✐tr♦st ❥❡ ✈ ❘▲
vo = xo · ω
vo = xo · 2π

to

vo = 0.05 m · 2π
0.1 s

vo = 3.1 m/s

♥❛❥✈❡↔❥✐ ♣♦s♣❡➨❡❦ ♣❛ ❥❡ ✈ ❙▲
ao = xo · ω2

ao = xo ·
(

2π
to

)2

ao = 0.05m ·
(

2π
0.1s )

)2

ao = 197m/s2

✺✳ ◆✐❤❛❧♦ ♥✐❤❛ ❤❛r♠♦♥✐↔♥♦ ③ ❛♠♣❧✐t✉❞♦ 15 cm ✐♥ ❢r❡❦✈❡♥❝♦ 7 Hz✳

✭❛✮ ❑♦❧✐❦➨♥❛ st❛ ♥❛❥✈❡↔❥❛ ❤✐tr♦st ✐♥ ♣♦s♣❡➨❡❦ ♥✐❤❛❧❛❄

✭❜✮ ■③r❛↔✉♥❛❥ ♦❞♠✐❦ ♣♦ ↔❛s✉ 0.07 s✱ ↔❡ ❥❡ ♥✐❤❛❧♦ ✈ ③❛↔❡t❦✉ ✈ r❛✈♥♦✈❡s♥✐ ❧❡❣✐✦

✭❝✮ ◆❛r✐➨✐ ❣r❛❢ ♦❞♠✐❦❛ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ↔❛s❛ ③❛ ♣r✈❡ ✸ ♥✐❤❛❥❡ ✐♥ ❣❛ ♦③♥❛↔✐❀ ♥✐❤❛❧♦ ❥❡ ♥❛ ③❛↔❡t❦✉
✈ s❦r❛❥♥✐ ❧❡❣✐✦

✻✳ ◆✐❤❛❧♦ ♥✐❤❛ ❤❛r♠♦♥✐↔♥♦ ③ ❛♠♣❧✐t✉❞♦ 35 cm ✐♥ ❢r❡❦✈❡♥❝♦ 2 Hz✳

✭❛✮ ❑♦❧✐❦➨♥❛ st❛ ♥❛❥✈❡↔❥❛ ❤✐tr♦st ✐♥ ♣♦s♣❡➨❡❦ ♥✐❤❛❧❛❄

✭❜✮ ■③r❛↔✉♥❛❥ ♦❞♠✐❦ ♣♦ ↔❛s✉ 0, 4 s✱ ↔❡ ❥❡ ♥✐❤❛❧♦ ✈ ③❛↔❡t❦✉ ✈ r❛✈♥♦✈❡s♥✐ ❧❡❣✐✦

✭❝✮ ◆❛r✐➨✐ ❣r❛❢ ♦❞♠✐❦❛ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ↔❛s❛ ③❛ ♣r✈❡ ✸ ♥✐❤❛❥❡ ✐♥ ❣❛ ♦③♥❛↔✐❀ ♥✐❤❛❧♦ ❥❡ ♥❛ ③❛↔❡t❦✉
✈ r❛✈♥♦✈❡s♥✐ ❧❡❣✐✦

✼✳ ◆✐❤❛❧♦ ✐③♠❛❦♥❡♠♦ ✐③ r❛✈♥♦✈❡s♥❡ ❧❡❣❡ ③❛ 20 cm ✐♥ ♣✉st✐♠♦✱ ❞❛ ♥✐❤❛ ❤❛r♠♦♥✐↔♥♦✳ ❑♦❧✐❦➨♥❛ ❥❡
♥❛❥✈❡↔❥❛ ❤✐tr♦st✱ ↔❡ ❥❡ ♥✐❤❛❥♥✐ ↔❛s 2 s❄
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❘♣✿ Pr✐ ❤❛r♠♦♥✐↔♥❡♠ ♥✐❤❛♥❥✉ ❥❡ ♥❛❥✈❡↔❥❛ ❤✐tr♦st✿
v0 = ω · x0

❦❡r ❥❡ ❦r♦➸♥❛ ❤✐tr♦st ❛❧✐ ❦r♦➸♥❛ ❢r❡❦✈❡♥❝❛✿

ω = (2π
t0

❥❡ t❛❦♦ ❤✐tr♦st✿

v0 = ω · x0 =
2π

t0
· x0 =

2π

2 s
· 20 cm = 62, 8 cm/s

✽✳ ◆✐❤❛❧♦ ✐③♠❛❦♥❡♠♦ ✐③ r❛✈♥♦✈❡s♥❡ ❧❡❣❡ ③❛ 30 cm ✐♥ ♣✉st✐♠♦ ❞❛ ❤❛r♠♦♥✐↔♥♦ ♥✐❤❛✳ ❑♦❧✐❦➨❡♥ ❥❡
♥✐❤❛❥♥✐ ↔❛s✱ ↔❡ ❣r❡ ♥✐❤❛❧♦ s❦♦③✐ r❛✈♥♦✈❡s♥♦ ❧❡❣♦ s ❤✐tr♦st❥♦ 13 m/s❄

❘♣✿ ✈ r❛✈♥♦✈❡s♥✐ ❧❡❣✐ ❥❡ ❤✐tr♦st ♥✐❤❛❧❛ ♥❛❥✈❡↔❥❛ ✐♥ ❥❡ ♣♦✈❡③❛♥❛ ③ ❛♠♣❧✐t✉❞♦ t❛❦♦❧❡✿
vo = ω · xo ✱❦❥❡r ❥❡ xo = 30 cm ❛♠♣❧✐t✉❞❛ ♥✐❤❛♥❥❛✱ ❦r♦➸♥❛ ❢r❡❦✈❡♥❝❛ ω = 2π

to

③❛t♦ ❧❛❤❦♦ ③❛♣✐➨❡♠♦✱ ❞❛ ❥❡ ❤✐tr♦st✿

vo =
2π

to
· xo

♦❞t♦❞ ✐③r❛↔✉♥❛♠♦ ♥✐❤❛❥♥✐ ↔❛s ♥✐❤❛❧❛✿

to =
2πxo

vo
=

2π30 cm

13 m/s
= 0.145 s

✾✳ ❑♦❧✐❦➨♥❛ ❥❡ ❞♦❧➸✐♥❛ s❡❦✉♥❞♥❡❣❛ ♥✐❤❛❧❛❄ ✭ to = 1 s ✮

❘♣✿ ❑❡r ❥❡

to = 2π

√

l

g

❧❛❤❦♦ ✐③r❛③✐♠♦ ❞♦❧➸✐♥♦

l = g

(

to
2π

)2

= 10m/s2 ·
(

1 s

2π

)2

= 0, 25 m

❚♦r❡❥ ❥❡ s❡❦✉♥❞♥♦ ♥✐❤❛❧♦ ❞♦❧❣♦ ↔❡trt ♠❡tr❛✳
❚♦ ❧❛❤❦♦ ♦♣❛③✐♠♦ ♥❛ st❛r✐❤ st❡♥s❦✐❤ ✉r❛❤✱ ❦✐ ✐♠❛❥♦ ❞♦❧➸✐♥♦ ♥✐❤❛❧❛ r❛✈♥♦ 25 cm✳

✶✵✳ ❑♦❧✐❦➨♥♦ ✉t❡➸ ♠♦r❛♠♦ ♦❜❡s✐t✐ ♥❛ ♣r♦➸♥♦ ✈③♠❡t s ❦♦❡✜❝✐❡♥t♦♠ ♣r♦➸♥♦st✐ 2 N/cm✱ ❞❛ ♥✐❤❛ ③
♥✐❤❛❥♥✐♠ ↔❛s♦♠ 0, 5 s❄

❘♣✿ kpr = 2N/cm = 200 kg/s2

to = 0.5 s

to = 2π

√

m

k

m = t2o ·
k

4π2
= (0.5 s)2 ·

200 kg/s2

4π2

m = 1kg ✳ ✳ ✳ ❦❡r s♦ ♣♦❞❛t❦✐ ♥❛ ❡♥♦ ♠❡st♦✳ ✳ ✳ ❞r❣❛↔ ♣r✐❞❡ ♥❛ ❦❛❧❦✉❧❛t♦r 1.2665 kg

t❤❡ ❚❖❑ ▼■❙▲■✿
③❞❡❥ ❣r❡♠ ♣❛ s♣❛t✳✳ ❥✉tr ❜♦♠ ➨❡ ❡♥❡ ♣❛r ♥❛r❡❞✉✳ ✳ ✳ t❦♦ ❞❛ s❡ ♣r♣r❛✈t❡ ❞❛ ♠❡ ❜♦t❡ ♣♦♣r❛✈❧✳✳
❧♦❧
s♠❡➨♥✳✳ ❛ ❦❞♦ t♦ ❜❡r❡ ♦❜ ♣❡t❦✐❤ ③✈❡↔❡r✳ ✳ ✳ ❞❛♠♥ ♠✐ ❥❡ ❞♦❧❣❝❛❥t

✶✶✳ ❑♦❧✐❦➨♥❛ ♠♦r❛ ❜✐t✐ ❞♦❧➸✐♥❛ ♠❛t❡♠❛t✐↔♥❡❣❛ ♥✐❤❛❧❛✱ ❞❛ ❜♦ ♥✐❤❛❧ ③ ♥✐❤❛❥♥✐♠ ↔❛s♦♠ 2, 5 s❄

❘♣✿ l = 1, 58 m

✶✷✳ ❱③♠❡t♥♦ ♥✐❤❛❧♦ ♣r✐❞❡ ✐③ ③❣♦r♥❥❡ ✈ s♣♦❞♥❥♦ ❛♠♣❧✐t✉❞♥♦ ❧❡❣♦ ✈ 0, 25 s✳ ❑♦❧✐❦➨♥✐ s♦ ❢r❡❦✈❡♥❝❛✱
♥✐❤❛❥♥✐ ↔❛s ✐♥ ♠❛s❛ t❡❣❛ ♥✐❤❛❧❛✱ ↔❡ ✐♠❛ ✈③♠❡t ♣r♦➸♥♦st♥✐ ❦♦❡✜❝✐❡♥t 15 N/m❄
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❘♣✿ to = 2 · 0.25 s

kpr = 15N/m = 15 kg/s2

ν =
1

to
=

1

0.50 s
= 2Hz

to = 2π

√

m

k

m =
t2o · k
4π2

=
(0.5 s)2 · 15 kg/s2

4π2
= 0.095 kg = 95 g

✶✸✳ ❚❡❧♦ ③ ♠❛s♦ 50 g ♥✐❤❛ s✐♥✉s♥♦ ③ ❛♠♣❧✐t✉❞♦ 20 mm ✐♥ s ❢r❡❦✈❡♥❝♦ 2 Hz✳

✭❛✮ ❱ ❦❛t❡r✐ ❧❡❣✐ ❥❡ ♥❥❡❣♦✈❛ ❤✐tr♦st ♥❛❥✈❡↔❥❛❄

✭❜✮ ❑♦❧✐❦➨♥❛ ❥❡ t❛ ♥❛❥✈❡↔❥❛ ❤✐tr♦st❄

✭❝✮ ❑♦❧✐❦➨♥❛ s✐❧❛ ♣♦s♣❡➨✉❥❡ t❡❧♦✱ ❦♦ ❥❡ ❤✐tr♦st ♥❛❥✈❡↔❥❛❄

✭❞✮ ❱ ❦❛t❡r✐ ❧❡❣✐ ❥❡ ♣♦s♣❡➨❡❦ ♥❛❥✈❡↔❥✐❄

✭❡✮ ❑♦❧✐❦➨❡♥ ❥❡ ♥❛❥✈❡↔❥✐ ♣♦s♣❡➨❡❦❄

✭❢✮ ■③r❛↔✉♥❛❥ ♣♦s♣❡➨❡❦ t❡❧❡s❛✱ ❦♦ ❥❡ ♦❞♠✐❦ 12 mm ✭③❛↔❡t♥❛ ❧❡❣❛ ❥❡ r❛✈♥♦✈❡s♥❛✮✦

✭❣✮ ❱ ❦♦❧✐❦➨♥❡♠ ↔❛s✉ s❡ t❡❧♦ ♣r❡♠❛❦♥❡ ✐③ r❛✈♥♦✈❡s♥❡ ❧❡❣❡ ✈ t♦↔❦♦✱ ❦✐ ❥❡ ③❛ 12 mm ♦❞❞❛❧❥❡♥❛
♦❞ r❛✈♥♦✈❡s♥❡ ❧❡❣❡❄

✭❤✮ ◆❛r✐➨✐ ❣r❛❢ ❦✐♥❡t✐↔♥❡ ❡♥❡r❣✐❥❡ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ↔❛s❛✱ ↔❡ ❥❡ ♥✐❤❛❧♦ ♥❛ ③❛↔❡t❦✉ ✈ r❛✈♥♦✈❡s♥✐
❧❡❣✐✦ ●r❛❢ ♦③♥❛↔✐✦✦

✶✹✳ ❚❡❧♦ ③ ♠❛s♦ 100 g ♥✐❤❛ s✐♥✉s♥♦ ③ ❛♠♣❧✐t✉❞♦ 40 mm ✐♥ ③ ♥✐❤❛❥♥✐♠ ↔❛s♦♠ 0, 25 s✳

✭❛✮ ❱ ❦❛t❡r✐ ❧❡❣✐ ❥❡ ♥❥❡❣♦✈❛ ❤✐tr♦st ♥❛❥✈❡↔❥❛❄

✭❜✮ ❑♦❧✐❦➨♥❛ ❥❡ t❛ ♥❛❥✈❡↔❥❛ ❤✐tr♦st❄

✭❝✮ ❑♦❧✐❦➨♥❛ s✐❧❛ ♣♦s♣❡➨✉❥❡ t❡❧♦✱ ❦♦ ❥❡ ❤✐tr♦st ♥❛❥✈❡↔❥❛❄

✭❞✮ ❱ ❦❛t❡r✐ ❧❡❣✐ ❥❡ ♣♦s♣❡➨❡❦ ♥❛❥✈❡↔❥✐❄

✭❡✮ ❑♦❧✐❦➨❡♥ ❥❡ ♥❛❥✈❡↔❥✐ ♣♦s♣❡➨❡❦❄

✭❢✮ ■③r❛↔✉♥❛❥ ♣♦s♣❡➨❡❦ t❡❧❡s❛✱ ❦♦ ❥❡ ♦❞♠✐❦ 12 mm ✭③❛↔❡t♥❛ ❧❡❣❛ ❥❡ r❛✈♥♦✈❡s♥❛✮✦

✭❣✮ ❱ ❦♦❧✐❦➨♥❡♠ ↔❛s✉ s❡ t❡❧♦ ♣r❡♠❛❦♥❡ ✐③ r❛✈♥♦✈❡s♥❡ ❧❡❣❡ ✈ t♦↔❦♦✱ ❦✐ ❥❡ ③❛ 12 mm ♦❞❞❛❧❥❡♥❛
♦❞ r❛✈♥♦✈❡s♥❡ ❧❡❣❡❄

✭❤✮ ◆❛r✐➨✐ ❣r❛❢ ❦✐♥❡t✐↔♥❡ ❡♥❡r❣✐❥❡ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ↔❛s❛✱ ↔❡ ❥❡ ♥✐❤❛❧♦ ♥❛ ③❛↔❡t❦✉ ✈ s❦r❛❥♥✐ ❧❡❣✐✦
●r❛❢ ♦③♥❛↔✐✦✦

✶✺✳ ◆✐t♥♦ ♥✐❤❛❧♦ ③ ❞♦❧➸✐♥♦ l ♥✐❤❛ ③ ♥✐❤❛❥♥✐♠ ↔❛s♦♠ to ♣r✐ ♠❛❥❤♥✐ ❛♠♣❧✐t✉❞✐✳ ❑❛❦♦ s❡ s♣r❡♠❡♥✐
♥✐❤❛❥♥✐ ↔❛s✱ ↔❡ ✈r✈✐❝♦ ♣♦❞❛❧❥➨❛♠♦ ♥❛ 4l ✭✹① ♣♦❞❛❧❥➨❛♠♦✮❄ ◆❛r✐➨✐ ❣r❛❢ ♥✐❤❛❥♥❡❣❛ ↔❛s❛ ✈ ♦❞✈✐s♥♦st✐
♦❞ ❞♦❧➸✐♥❡ ♥✐❤❛❧❛✦

❘♣✿ ♥✐❤❛❥♥✐ ↔❛s s❡ ③✈❡↔❛ ③❛
√

4 = 2✳

✶✻✳ ◆✐t♥♦ ♥✐❤❛❧♦ ③ ❞♦❧➸✐♥♦ l ♥✐❤❛ ③ ♥✐❤❛❥♥✐♠ ↔❛s♦♠ to ♣r✐ ♠❛❥❤♥✐ ❛♠♣❧✐t✉❞✐✳ ❑❛❦♦ s❡ s♣r❡♠❡♥✐
♥✐❤❛❥♥✐ ↔❛s✱ ↔❡ ✈r✈✐❝♦ ♣♦❞❛❧❥➨❛♠♦ ♥❛ 5l ✭✺① ♣♦❞❛❧❥➨❛♠♦✮❄ ◆❛r✐➨✐ ❣r❛❢ ♥✐❤❛❥♥❡❣❛ ↔❛s❛ ✈ ♦❞✈✐s♥♦st✐
♦❞ ❞♦❧➸✐♥❡ ♥✐❤❛❧❛ ✐♥ ❣❛ ♦③♥❛↔✐✦

✶✼✳ ◆✐t♥♦ ♥✐❤❛❧♦ ③ ❞♦❧➸✐♥♦ l ♥✐❤❛ s ❢r❡❦✈❡♥❝♦ νo ♣r✐ ♠❛❥❤♥✐ ❛♠♣❧✐t✉❞✐✳ ❑❛❦♦ s❡ s♣r❡♠❡♥✐ ❢r❡❦✈❡♥❝❛✱
↔❡ ✈r✈✐❝♦ ♣♦❞❛❧❥➨❛♠♦ ♥❛ 6l ✭✻① ♣♦❞❛❧❥➨❛♠♦✮❄ ◆❛r✐➨✐ ❣r❛❢ ❢r❡❦✈❡♥❝❡ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ❞♦❧➸✐♥❡
♥✐❤❛❧❛✦

✶✽✳ ❱③♠❡t♥♦ ♥✐❤❛❧♦ ✐♠❛ ♥❛ ✈③♠❡t✐ ✉t❡➸ ③ ♠❛s♦ m ✐♥ ♥✐❤❛ ③ ♥✐❤❛❥♥✐♠ ↔❛s♦♠ to✳ ❑❛❦♦ s❡ s♣r❡♠❡♥✐
♥✐❤❛❥♥✐ ↔❛s✱ ↔❡ ♠❛s♦ ✉t❡➸✐ ♣♦✈❡↔❛♠♦ ♥❛ 4m ✭✹① ♣♦✈❡↔❛♠♦✮❄ ◆❛r✐➨✐ ❣r❛❢ ♥✐❤❛❥♥❡❣❛ ↔❛s❛ ✈
♦❞✈✐s♥♦st✐ ♦❞ ♠❛s❡ ✉t❡➸✐✦

❘♣✿ ♥✐❤❛❥♥✐ ↔❛s s❡ ③✈❡↔❛ ③❛
√

4 = 2✳
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✶✾✳ ❱③♠❡t♥♦ ♥✐❤❛❧♦ ✐♠❛ ♥❛ ✈③♠❡t✐ ✉t❡➸ ③ ♠❛s♦ m ✐♥ ♥✐❤❛ ③ ♥✐❤❛❥♥✐♠ ↔❛s♦♠ to ✳ ❑❛❦♦ s❡ s♣r❡♠❡♥✐
♥✐❤❛❥♥✐ ↔❛s✱ ↔❡ ♠❛s♦ ✉t❡➸✐ ♣♦✈❡↔❛♠♦ ♥❛ 7m ✭✼① ♣♦✈❡↔❛♠♦✮❄ ◆❛r✐➨✐ ❣r❛❢ ♥✐❤❛❥♥❡❣❛ ↔❛s❛ ✈
♦❞✈✐s♥♦st✐ ♦❞ ♠❛s❡ ✉t❡➸✐ ✐♥ ❣❛ ♦③♥❛↔✐✦

✷✵✳ ❱③♠❡t♥♦ ♥✐❤❛❧♦ ✐♠❛ ♥❛ ✈③♠❡t✐ ✉t❡➸ ③ ♠❛s♦ m ✐♥ ♥✐❤❛ ③ ♥✐❤❛❥♥✐♠ ↔❛s♦♠ to ✳ ❑❛❦♦ s❡ s♣r❡♠❡♥✐
❢r❡❦✈❡♥❝❛✱ ↔❡ ♠❛s♦ ✉t❡➸✐ ♣♦✈❡↔❛♠♦ ♥❛ 4m✭✹① ♣♦✈❡↔❛♠♦✮❄ ◆❛r✐➨✐ ❣r❛❢ ❢r❡❦✈❡♥❝❡ ✈ ♦❞✈✐s♥♦st✐
♦❞ ♠❛s❡ ✉t❡➸✐✦

✷✶✳ ❱③♠❡t♥♦ ♥✐❤❛❧♦ ③ ♠❛s♦ ✉t❡➸✐ m✱ ♥✐❤❛ ③ s ❢r❡❦✈❡♥❝♦ νo ♣r✐ ♠❛❥❤♥✐ ❛♠♣❧✐t✉❞✐✳ ❑❛❦♦ s❡ s♣r❡✲
♠❡♥✐ ❢r❡❦✈❡♥❝❛✱ ↔❡ ♠❛s♦ ✉t❡➸✐ ♣♦✈❡↔❛♠♦ ♥❛ 5m ✭✺① ♣♦✈❡↔❛♠♦ ♠❛s♦✮❄ ◆❛r✐➨✐ ❣r❛❢ ❢r❡❦✈❡♥❝❡ ✈
♦❞✈✐s♥♦st✐ ♦❞ ♠❛s❡ ✉t❡➸✐ ✦

✷✷✳ ▼❡r✐❧✐ s♠♦ ♥✐❤❛❥♥✐ ↔❛s ✈③♠❡t♥❡❣❛ ♥✐❤❛❧❛ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ♠❛s❡ ✉t❡➸✐✱ ❦✐ ❥❡ ♦❜❡➨❡♥❛ ♥❛♥❥✳ ▼❡r✐t✈❡
s♦ ③❜r❛♥❡ ✈ t❛❜❡❧✐✳
m❬❣❪ ✵ ✷✵✵ ✹✶✺ ✻✵✹ ✶✹✵✵ ✶✻✺✵ ✶✼✻✽ ✷✵✺✷
to❬s❪ ✵ ✵✱✽✷ ✶✱✶✼ ✶✱✺✷ ✷✱✷✼ ✷✱✹✹ ✷✱✺✾ ✷✱✻✽

◆❛r✐➨✐ ❣r❛❢ ♥✐❤❛❥♥❡❣❛ ↔❛s❛ ♥✐❤❛❧❛ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ♠❛s❡ ✉t❡➸✐✦ ■③ ❣r❛❢❛ ❞♦❧♦↔✐✱ ❦♦❧✐❦♦ ❥❡ ♠❛s❛
♥✐❤❛❧❛✱ ❦❛❞❛r ❥❡ ♥✐❤❛❥♥✐ ↔❛s 2 s✦ ❑♦❧✐❦♦ ❥❡ ♠❛s❛ ♥✐❤❛❧❛✱ ❦♦ ❥❡ ♥✐❤❛❥♥✐ ↔❛s 3 s❄ ✭✰✮■③ ♠❡r✐t❡✈
❞♦❧♦↔✐ ❦♦❡✜❝✐❡♥t ♣r♦➸♥♦st✐ ✈③♠❡t✐ ✐♥ ♥❥❡❣♦✈♦ r❡❧❛t✐✈♥♦ ♥❛♣❛❦♦✦

✷✸✳ ▼❡r✐❧✐ s♠♦ ♥✐❤❛❥♥✐ ↔❛s ♠❛t❡♠❛t✐↔♥❡❣❛ ♥✐❤❛❧❛ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ❞♦❧➸✐♥❡ ♥✐❤❛❧❛✳ ▼❡r✐t✈❡ s♦ ③❜r❛♥❡
✈ t❛❜❡❧✐✳
l❬❝♠❪ ✵ ✷✵✱✵ ✸✽✱✾ ✻✵✱✻ ✶✹✺ ✶✻✶ ✶✽✷ ✶✾✻
to❬s❪ ✵ ✵✱✽✵ ✶✱✶✹ ✶✱✺✷ ✷✱✶✼ ✷✱✸✼ ✷✱✺✶ ✷✱✼✶

◆❛r✐➨✐ ❣r❛❢ ♥✐❤❛❥♥❡❣❛ ↔❛s❛ ♥✐❤❛❧❛ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ❞♦❧➸✐♥❡ ♥✐❤❛❧❛✦ ■③ ❣r❛❢❛ ❞♦❧♦↔✐✱ ❦♦❧✐❦♦ ❥❡
♥✐❤❛❥♥✐ ↔❛s ♥✐❤❛❧❛✱ ❦❛❞❛r ❥❡ ❞♦❧➸✐♥❛ 1 m✦ ❑♦❧✐❦♦ ❥❡ ♥✐❤❥❛♥✐ ↔❛s ♥✐❤❛❧❛✱ ❦♦ ❥❡ ❞♦❧➸✐♥❛ ♥✐❤❛❧❛ 3 m❄
✭✰✮■③ ♠❡r✐t❡✈ ❞♦❧♦↔✐ ❣r❛✈✐t❛❝✐❥s❦✐ ♣♦s♣❡➨❡❦ ✐♥ ♥❥❡❣♦✈♦ r❡❧❛t✐✈♥♦ ♥❛♣❛❦♦✦

✷✹✳ ◆❛ 2 m ❞♦❧❣✐ ✈r✈✐ ✈✐s✐ ❧❡s❡♥❛ ❦❧❛❞❛ ③ ♠❛s♦ 1 kg✳ ❙ ❦♦❧✐❦➨♥♦ ❤✐tr♦st❥♦ ❥❡ ✈ ❦❧❛❞♦ ♣r✐❧❡t❡❧ 15
❣r❛♠s❦✐ ✐③str❡❧❡❦✱ ↔❡ s❡ ❦❧❛❞❛ ♦❞♠❛❦♥❡ ♦❞ r❛✈♥♦✈❡s♥❡ ❧❡❣❡ ③❛ 24 cm❄

❘♣✿ l = 2m✱ m1 = 1kg✱ m2 = 15 g = 0.015 kg✱ xo = 24 cm = 0.24 m

ω✳ ✳ ✳ ❦r♦➸♥❛ ❢r❡❦✈❡♥❝❛
❑❡r ✈❡♠♦ ❞❛ s❡ ❣✐❜❛❧♥❛ ❦♦❧✐↔✐♥❛ ♦❤r❛♥❥❛✿
❑❧❛❞❛ ♠✐r✉❥❡ t♦r❡❥ ❥❡ ♥❥❡♥❛ ❤✐tr♦st ❡♥❛❦❛ ✵✳

ω =
2π

to
✐♥ to =

2π

ω

to = 2π

√

l

g
✐♥ ω =

√

g

l
= 2.2 s−1

vk = vo

vo = xo · ω
vo = 0.24 m · 2.2 s−1

vo = 0.53 m/s

❦❡r s❡ ❣✐❜❛❧♥❛ ❦♦❧✐↔♥❛ ♦❤r❛♥❥❛✿ Gz = Gk ❛❧✐ G1 + G2 = Gk ❥❡✿
0 + v2 · m2 = vk(m1 + m2)

v2 = vk
m1 + m2

m2
= 0.53 m/s

1 kg + 0.015 kg

0.015 kg
= 35m/s

✷✺✳ ◆✐t♥♦ ♥✐❤❛❧♦ ③ ❞♦❧➸✐♥♦ 5 m ♥✐❤❛ t❛❦♦✱ ❞❛ ③❛❞❡✈❛ ♦❜ ↔❡♣✱ ❦✐ ❥❡ 3 m ♣♦❞ ♣r✐tr❞✐➨↔❡♠ ♥✐t❦❡✳ ❑♦❧✐❦♦
❥❡ ♥✐❤❛❥♥✐ ↔❛s ♥✐❤❛❧❛❄ ❑❥❡ ♠♦r❛ ❜✐t✐ ↔❡♣✱ ❞❛ ❜♦ ♥✐❤❛❥♥✐ ↔❛s 3 s✱ ✐♥ ❦❥❡ ❞❛ ❜♦ ♥✐❤❛❥♥✐ ↔❛s 5 s❄

❘♣✿ ❩❛ t✐st❡ ❦✐ s❡♠ ❥✐♠ ♣♦✈③r♦↔✐❧ ♣r❡❣❧❛✈✐❝❡ ③ ♣r❡❥➨♥❥✐♠ ③❛♣✐s♦♠ ❢♦r♠✉❧✿ ❊❡❡❡ s❡ ♦♣r♦➨↔❛♠ ✐♥
❜♦♠ ♣r♦❜❛❧ t✐st♦ ♣♦♣r❛✈✐t✐✳
❚♦ ♥✐❤❛♥❥❡ s✐ ♠♦r❛♠♦ ♣r❡❞st❛✈❧❥❛t✐✱ ❦♦t ❞❛ ❥❡ s❡st❛✈❧❥❡♥♦ ✐③ ❞✈❡❤ ♥✐❤❛♥❥ ③ r❛③❧✐↔♥✐♠❛
❞♦❧➸✐♥❛♠❛ ✈r✈✐❝❡✳
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◆✐❤❛❥♥✐ ↔❛s✿ l1 = 5m✱ s = 3m✱ → l2 = l1 − s = 2m

t1 = 2π

√

l1
g

= 2π

√

5 m

10 m/s2
=

2π√
2

s = 4, 44 s

t2 = 2π

√

l2
g

= 2π

√

2 m

10 m/s2
=

2π√
5

s = 2, 81 s

t0 =
t1
2

+
t2
2

= 2.22 s + 1.4 s = 3.62 s

♥✐❤❛❥♥✐ ↔❛s ❥❡ t0 = 3 s✿
t0 = t1/2 + t2/2

2t0 = 2π

√

d

g
+ 2π

√

x

g

t0
π

=

√

d

g
+

√

x

g

x

g
=

(

t0
π

−

√

d

g

)2

x = g

(

t0
π

−

√

d

g

)2

= 10m/s2

(

3 s

π
−

√

5 m

10 m/s2

)2

= 0, 614 m

❚♦r❡❥ ♠♦r❛ ❜✐t✐ ↔❡♣ 5 m − 0, 614 m = 4, 39 m ♣♦❞ ♣r✐tr❞✐➨↔❡♠✳
❘❡③✉❧t❛t ❥❡ ♣♦✈s❡♠ ✈❡r❥❡t❡♥✱ s❛❥ ↔❡ ❥❡ ↔❡♣ ✈✐➨❥❡ ❥❡ ♥✐❤❛❥♥✐ ↔❛s ❞❛❧❥➨✐✱ ↔❡ ❥❡ ♣❛ ♥✐➸❥❡ ❥❡ ❦r❛❥➨✐✳
❩❛ 5 s s❡ ♣♦♥♦✈✐ ❡♥❛↔❜❛✳ ❱❡♥❞❛r✱ ↔❡ ✉❣♦t♦✈✐t❡✱ ❞❛ ❥❡ ♠❛❦s✐♠❛❧♥✐ ↔❛s ♥✐❤❛❧❛ ❧❛❤❦♦ ❧❡ 4.4 s✳
❚♦r❡❥ ③❛ 5 s ♥❡ ❣r❡✳ ◆❡❦❞♦ s❡ ❥❡ ♣♦➨❛❧✐❧ ✐③ ✈❛s✳ ✳ ✳ ❤❡❝♥♦
✳ ✳ ✳ ❞r✉❣❛↔❡ ❥❡ ❧❛➸❥❡ ③r❛↔✉♥❛t✳✳ ♣♦ ♠♦❥❡ ↔❡ ♥❡ ✐③r❛③✐➨ x ❛♠♣❛❦ t❛❦♦❥ ✈st❛✈✐➨ ♥♦t ➨t❡✈✐❧❦❡✳✳
s❛♠♦ t♦ ❥❡ ❦❛♦ ♣r♦✉✳ ✳ ✳
❛❧✐

x = g

(

t0
π

−

√

d

g

)2

= g

(

t0
π

−
t1
2π

)2

=
g

π2

(

to −
t1
2

)2

✷✻✳ ◆✐t♥♦ ♥✐❤❛❧♦ ③ ♠❛s♦ ✉t❡➸✐ 4 kg ✐♠❛ ❞♦❧➸✐♥♦ 6 m✳ ■③ r❛✈♥♦✈❡s♥❡ ❧❡❣❡ s❡ ♥❛❥✈❡↔ ❞✈✐❣♥❡ ③❛ 20 cm✳
❑♦❧✐❦♦ ❥❡ ♥✐❤❛❥♥✐ ↔❛s❄ ❑♦❧✐❦♦ ❥❡ ❛♠♣❧✐t✉❞❛ ♦❞♠✐❦❛ ✐♥ ❦♦❧✐❦♦ ❛♠♣❧✐t✉❞❛ ❤✐tr♦st✐❄ ❑♦❧✐❦♦ ❥❡
s❦✉♣♥❛ ❡♥❡r❣✐❥❛ ✐♥ ❦♦❧✐❦♦ ❦✐♥❡t✐↔♥❛✱ ❦♦ ❥❡ ♥✐❤❛❧♦ ❞✈✐❣♥❥❡♥♦ 5 cm ❣❧❡❞❡ ♥❛ r❛✈♥♦✈❡s♥♦ ❧❡❣♦ ❄

m = 4kg✱ l = 6m✱ h = c = 0.2 m

t0 = 2π

√

l

g
= 2π

√

6 m

10 m/s2
= 4, 9 s

♥❛❥♣r❡❥ ❞♦❧♦↔✐♠♦ ❛♠♣❧✐t✉❞♦ ✭❣❧❡❥ s❧✐❦♦ ✸✸✦✮✿ x2
0 − c2 = l2 − b2

x0 =
√

l2 − b2 + c2

x0 =
√

(6 m)2 − (5.8 m)2 + (0.2 m)2)

x0 = 1, 5 m

♥❛t♦ ♥❛❥✈❡↔❥♦ ❤✐tr♦st✿
v0 = ω · x0

v0 = 2π
t0

· x0

v0 = 2π
4.9 s · 1.5 m

v0 = 1.9 m/s

s❦✉♣♥❛ ❡♥❡r❣✐❥❛✿
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❘♣✿

❙❧✐❦❛ ✸✸✿ ❙❦✐❝❛ ③ ♦③♥❛↔❜❛♠✐ ✉♣♦r❛❜❧❥❡♥✐♠✐ ♣r✐ r❛↔✉♥❛♥❥✉✦

W = W(p(max)) = m · g · h
Wp = 4kg · 10 m/s2 · 0.2 m

Wp = 8J

✐♥ ➨❡ ❦✐♥❡t✐↔♥❛ ✈ ✐③❜r❛♥✐ ❧❡❣✐✿
Wk = W − Wp

Wk = W − m · g · h
Wk = 8J − 4 kg · 10 m/s2 · 0.05 m

Wk = 6J

✷✼✳ ◆✐❤❛❧♦✱ ❦✐ ♥✐❤❛ ❞✉➨❡♥♦✱ ✐♠❛ ♥❛ ③❛↔❡t❦✉ ❡♥❡r❣✐❥♦ 2 J✳ ❑♦❧✐❦➨❡♥ ❥❡ ❦♦❡✜❝✐❡♥t ❞✉➨❡♥❥❛✱ ↔❡ ✐♠❛ ♣♦
25 s ❡♥❡r❣✐❥♦ 100 mJ❄ ◆❛r✐➨✐ ❦❛❦♦ s❡ s♣r❡♠✐♥❥❛ ❦✐♥❡t✐↔♥❛ ❡♥❡r❣✐❥❛ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ↔❛s❛✱ ↔❡ ❥❡
♥✐❤❛❥♥✐ ↔❛s 5 s✦

❘♣✿ Wk = W1 = 2J ❙ t❡♠ ❥❡ ♠✐➨❧❥❡♥❛ ♠❛❦s✐♠❛❧♥❛ Wk✱ ❦♦ ✐♠❛ ♥✐❤❛❧♦ ♥❛❥✈❡↔❥♦ ❤✐tr♦st✳
W2 = 100mJ = 0, 1 J

❑❡r ♣♦③♥❛♠♦ ❡♥❛↔❜♦ ③❛ ❞✉➨❡♥♦ ♥✐❤❛♥❥❡

v = v0 · e−βt cos(ω · t),

❱❡♥❞❛r ♣❛✱ ❦♦ ❥❡ t = 0 ❞♦❜✐♠♦ ♣r❡♣r♦st♦ v0 = v0✭cos 0 = 1 ✐♥ e0 = 1✮✳ ❚♦r❡❥ s❧❡❞✐✿

Wk =
m·v2

0

2

2 J = m · v2
0/2 ✳ ✳ ✳▼❛s❛ ✉t❡➸✐ ♦st❛❥❛ ❡♥❛❦❛✳ ✳ ✳ t♦r❡❥ ❥♦ ❧❛❤❦♦ ↔rt❛♠♦✳ ❖❜ ↔rt❛♥❥✉ ♠❛s❡

♠♦r❛♠♦ ✉♣♦➨t❡✈❛t✐✱ ❞❛ s❡ t✉❞✐ ❡♥♦t❡ ❦r❛❥➨❛❥♦✳▲❛❤❦♦ ❥♦ t✉❞✐ ♣✉st✐t❡✱ s❛❥ s❡ ✈ ♥❛s❧❡❞♥❥✐
❡♥❛↔❜✐ ❦r❛❥➨❛✳
v0 = 2m/s

P♦t❡♠ ♣❛ ✐③r❛↔✉♥❛♠♦ ➨❡ ③❛ ❡♥❡r❣✐❥♦ ♣♦ 25 s✳ ■♥ ✉♣♦r❛❜✐♠♦ Wk = W2

❩❛ ♥✐❤❛❥♥✐ ↔❛s✱ ❦✐ s❡ ♥❡ s♣r❡♠✐♥❥❛ ♥❡ ❣❧❡❞❡ ♥❛ ❛♠♣❧✐t✉❞♦ ♦❞♠✐❦❛✱ ♣♦❣♦❥❡♥ ❥❡ ♥❛♠r❡↔ ❧❡ s
t❡➸♥✐♠ ♣♦s♣❡➨❦♦♠ ✐♥ ❞♦❧➸✐♥♦ ♥✐❤❛❧❛✭♣r✐ ♥✐t♥❡♠ ♥✐❤❛❧✉✮✱ ✈③❛♠❡♠♦ t0 = 5 s✳

W2 =
m·v2

0

2

W2 =
1

2

(

m · (v0 · e−βt · cos(ωt)
)2

)
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0, 1 J =
1

2

(

m · 4m2/s2 · e−2β25 s · cos2
(

2π
25 s

5 s

))

✳ ✳ ✳▼❛s♦ ♣♦♥♦✈♥♦ ↔rt❛♠♦✳ cos ♣❛ ❥❡ ❡♥❛❦ ❡♥❛✱ s❛❥ ✈❡♠♦ ❞❛ ❥❡ ♣❡r✐♦❞✐↔❡♥ ♥❛ 2π✳
0, 05 s = e−β50 s ✳ ✳ ✳ ❩❛ t✐st❡ ✱ ❦✐ ❥✐♠ ❧♦❣❛r✐t♠✐ ♥✐s♦ ♣♦✈s❡♠ ❥❛s♥✐✳
0, 05 s = eβ · e−50 s

ln eβ = ln(0,05 s)
e−50 s

β = 47

❑♦♥↔♥♦ r❡③✉❧t❛t✳
P♦❧ ❥❡ tr❡❜❛ ♣❛ ➨❡ ♥❛r✐s❛t✳ ❷❡ s❧✉↔❛❥♥♦ ❜❡r❡ t♦ ❦❞♦✱ ❦✐ ✐♠❛ ❉❡r✐✈❡ ❛❧✐ ❦❛❦ ♣r♦❣r❛♠↔❡❦ ③❛
r✐s❛♥❥❡ ❣r❛❢♦✈✱ ❜✐ ❣❛ ♣r♦s✐❧✱ ❞❛ ❞♦❞❛ ❣r❛❢✳ ❍✈❛❧❛✦✦✦
❛❧✐ ♣❛✿

W = Woe
−2βt →

W

Wo
= e−2βt → ln

W

Wo
= −2βt = → ln

Wo

W
= 2βt

✐♥ ③❛ ❦♦❡✜❝✐❡♥t ❞✉➨❡♥❥❛✿

β =
1

2t
ln

Wo

W
=

1

t
ln

√

Wo

W

t❛❦♦ ❥❡ β = 0, 06 s−1

❦❤♠✳ ✳ ✳ ❦❛t❡r✐ ❥❡ ♣r❛✈✐❄

✷✽✳ ◆✐❤❛❧♦✱ ❦✐ ♥✐❤❛ ❞✉➨❡♥♦✱ ✐♠❛ ♥❛ ③❛↔❡t❦✉ ❡♥❡r❣✐❥♦ 200 mJ✳ ❑♦❧✐❦➨❡♥ ❥❡ ❦♦❡✜❝✐❡♥t ❞✉➨❡♥❥❛✱ ↔❡ ✐♠❛
♣♦ 5 s ❡♥❡r❣✐❥♦ 100 mJ❄ ◆❛r✐➨✐ ❦❛❦♦ s❡ s♣r❡♠✐♥❥❛ ❦✐♥❡t✐↔♥❛ ❡♥❡r❣✐❥❛ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ↔❛s❛✱ ↔❡ ❥❡
♥✐❤❛❥♥✐ ↔❛s 5 s✦

❘♣✿ ❥❛③ ❜✐ t❛❦♦❧❡ r❡➨❡✈❛❧✿

❙❧✐❦❛ ✸✹✿ ●r❛❢ ❡♥❡r❣✐❥❡ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ↔❛s❛✿ r❞❡↔❡ ✲ s❦✉♣♥❛ ♦③✐r♦♠❛ ♥❛❥✈❡↔❥❛ ❦✐♥❡t✐↔♥❛ ❡♥❡r❣✐❥❛
❡❦s♣♦♥❡♥t♥♦ ♣❛❞❛ ♠♦❞r♦ ✲ ❦✐♥❡t✐↔♥❛ ❡♥❡r❣✐❥❛✱ ↔❡ ❥❡ ♥❛ ③❛↔❡t❦✉ ❤✐tr♦st ♠❛①✐♠❛❧♥❛ ✭♣♦ 5 s ❥❡ ❦✐♥❡t✐↔♥❛
❡♥❡r❣✐❥❛ ♣♦❧♦✈✐❝❛ ③❛↔❡t♥❡✮

✜③✐❦❛❧♥♦ ♦③❛❞❥❡✿

↔❡ ❥❡ ❤✐tr♦st ♥❛ ③❛↔❡t❦✉ ♥❛❥✈❡↔❥❛✱ s❡ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ↔❛s❛ s♣r❡♠✐♥❥❛ t❛❦♦❧❡✿

v = voe
−βt cos(ωt) = voe

−βt cos(
2π

to
t)

♣r✐ t❡♠ ❥❡ vo ③❛↔❡t♥❛ ❤✐tr♦st✱ β ❦♦❡✜❝✐❡♥t ❞✉➨❡♥❥❛❀
♣r✈✐ ❞❡❧ ❡♥❛↔❜❡ v = voe

−βt ♥❛♠ ♣♦✈❡✱ ❦❛❦♦ s❡ s♣r❡♠✐♥❥❛ ❛♠♣❧✐t✉❞❛ ❤✐tr♦st✐✱ ❞r✉❣✐ ❞❡❧
cos(ωt) ♣❛ ❣♦✈♦r✐ ♦ ♥✐❤❛♥❥✉✦
♣♦t❡♠ s♣r❡♠✐♥❥❛♥❥❡ ❦✐♥❡t✐↔♥❡ ❡♥❡r❣✐❥❡ ♦♣✐➨❡ ❡♥❛↔❜❛✿

Wk =
1

2
mv2 =

1

2
m
(

voe
−βt cos(ωt)

)2
=

=
1

2
mv2

oe−2βt cos2(ωt) = Woe
−2βt cos2(ωt)
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❦❥❡r ❥❡ Wo ③❛↔❡t♥❛ ❦✐♥❡t✐↔♥❛ ❡♥❡r❣✐❥❛✱ ↔❧❡♥ e−2βt ♦♣✐s✉❥❡ ❡❦s♣♦♥❡♥t♥♦ ♠❛♥❥➨❛♥❥❡ s❦✉♣♥❡
✭✐♥ s t❡♠ t✉❞✐ ♥❛❥✈❡↔❥❡ ❦✐♥❡t✐↔♥❡✮ ❡♥❡r❣✐❥❡✱ ↔❧❡♥ cos2(ωt) ♣❛ ♦s❝✐❧✐r❛♥❥❡ tr❡♥✉t♥❡ ❦✐♥❡t✐↔♥❡
❡♥❡r❣✐❥❡✳
s❡❞❛❥ ♣❛ ❦ r❡➨❡✈❛♥❥✉

♥❛❥✈❡↔❥❛ ❦✐♥❡t✐↔♥❛ ❡♥❡r❣✐❥❛ ❡❦s♣♦♥❡♥t♥♦ ♣❛❞❛✿ W(ko) = Woe
−2βt

t♦r❡❥ ❥❡✿ Wko

Wo

= e−2βt

ln
Wko

Wo
= −2βt

β = −
1

2t
ln

Wko

Wo

✉♣♦r❛❜✐♠ ♣r❛✈✐❧♦ ③❛ ❧♦❣❛r✐t♠✐r❛♥❥❡✿ − ln(1/a) = ln a)

β =
1

2t
ln

Wo

Wko

β =
1

2 · 5 s
ln

200 mJ

100 mJ
= 0, 0693 s−1

♥❛r✐➨✐♠♦ ❣r❛❢❛

✷✾✳ ◆✐❤❛❧♦✱ ❦✐ ♥✐❤❛ ❞✉➨❡♥♦✱ ✐♠❛ ♥❛ ③❛↔❡t❦✉ ❛♠♣❧✐t✉❞♦ 20 cm✳ ❑♦❧✐❦➨❡♥ ❥❡ ❦♦❡✜❝✐❡♥t ❞✉➨❡♥❥❛✱ ↔❡
✐♠❛ ♣♦ 25 s ❛♠♣❧✐t✉❞♦ 1 cm❄ ◆❛r✐➨✐ ❦❛❦♦ s❡ s♣r❡♠✐♥❥❛ ❛♠♣❧✐t✉❞❛ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ↔❛s❛ ✐♥ ❦❛❦♦
♦❞♠✐❦ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ↔❛s❛✱ ↔❡ ❥❡ ♥✐❤❛❥♥✐ ↔❛s 5 s✦

❘♣✿ β = 0, 12 s−1

✸✵✳ ◆✐❤❛❧♦✱ ❦✐ ♥✐❤❛ ❞✉➨❡♥♦✱ ✐♠❛ ♥❛ ③❛↔❡t❦✉ ❛♠♣❧✐t✉❞♦ 30 cm✳ ❑♦❧✐❦➨❡♥ ❥❡ ❦♦❡✜❝✐❡♥t ❞✉➨❡♥❥❛✱ ↔❡
✐♠❛ ♣♦ 25 s ❛♠♣❧✐t✉❞♦ 5 cm❄ ◆❛r✐➨✐ ❦❛❦♦ s❡ s♣r❡♠✐♥❥❛ ❛♠♣❧✐t✉❞❛ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ↔❛s❛ ✐♥ ❦❛❦♦
♦❞♠✐❦ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ↔❛s❛✱ ↔❡ ❥❡ ♥✐❤❛❥♥✐ ↔❛s 5 s✦

❘♣✿ β = 0, 072 s−1

✸✶✳ ❑♦❧✐❦♦ ❥❡ r❛③♠❡r❥❡ ♠❡❞ ❦✐♥❡t✐↔♥♦ ✐♥ ♣r♦➸♥♦st♥♦ ❡♥❡r❣✐❥♦ ✈③♠❡t♥❡❣❛ ♥✐❤❛❧❛✱ ❦♦ ❥❡ ♦❞♠✐❦ ❡♥❛❦
♣♦❧♦✈✐❝✐ ♥❛❥✈❡↔❥❡❣❛ ♦❞♠✐❦❛❄ ❑❞❛❥ s❡ t♦ ③❣♦❞✐❄

❘♣✿ Wk/Wpr =?

x = xo/2

m · v2/2 = k · x2/2

m · v2
o · cos(ωt) = k · x2

o/4 =>

=> Wk = 4Wpr

❤♠♠♠✳ ✳ ✳ ♥❡❦❛❥ ♥❛❣❛❥❛ ✲ ❣❛♠ ♥❡❦✐ ❥❡ ✐③❣✐♥✐❧ ↔❧❡♥ cos(ωt)

m · v2
o · cos(ωt) = k · x2

o/4

❦❡r ❥❡ v2
o = ω2x2

o ✐♥ ω2 = k/m

✈st❛✈✐♠♦✱ ♣♦❦r❛❥➨❛♠♦ ✐♥ ✉❣♦t♦✈✐♠♦✱ ❞❛ ❥❡ cos(ωt) = 1/4

♠❡❞t❡♠✱ ❦♦ ❡♥❛↔❜❛ x = xo/2 ♣r❛✈✐✱ ❞❛ ❥❡ sin(ωt) = 1/2

s❦r❛t❦❛ ♣r❛✈✐❧♥❡❥❡ ❜✐ ❜✐❧♦✿
m · v2

o · cos2(ωt) = k · x2
o/4

✳ ✳ ✳
❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂
❣❧❛✈♥❛ t❡➸❛✈❛ ♣❛ ❥❡ ✈ ③❛↔❡t♥✐ ♣r❡❛♠❜✉❧✐ Wk = Wpr✱ ❦❡r ❡♥❡r❣✐❥✐ ♥✐st❛ ❡♥❛❦✐✱ ❛♠♣❛❦ ♥❛s
③❛♥✐♠❛✱ ❦♦❧✐❦♦ ❥❡ Wk/Wpr =?

✐♠❛♠♦ ❞✈❡ ♠♦➸♥♦st✐✿
✶✳ ③❛↔♥❡♠♦ ③ ❡♥❡r❣✐❥❛♠✐✿ ❦❡r ❥❡ x = xo

2 ❛❧✐ x
xo

= 1
2 ✱ ♠♦r❛ ❜✐t✐ r❛③♠❡r❥❡ ♠❡❞ tr❡♥✉t♥♦

♣r♦➸♥♦st♥♦ ❡♥❡r❣✐❥♦ ✐♥ s❦✉♣♥♦ ❡♥❡r❣✐❥♦ ✭♥❛❥✈❡↔❥♦ ♣r♦➸♥♦st♥♦✮✿

Wpr

Wo
=

1

4
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✱ s❛❥ ❥❡ ❡♥❡r❣✐❥❛ s♦r❛③♠❡r♥❛ s ❦✈❛❞r❛t♦♠ ♦❞♠✐❦❛✦
❚♦ ♣♦♠❡♥✐✱ ❞❛ ❥❡ s❦✉♣♥❛ ❡♥❡r❣✐❥❛ ✹ ❦r❛t ✈❡↔❥❛ ❦♦t ♣r♦➸♥♦st♥❛✳
P♦ ❞r✉❣✐ str❛♥✐ ♣❛ ✈❡♠♦✱ ❞❛ ❥❡ ✈s♦t❛ ❦✐♥❡t✐↔♥❡ ✐♥ ♣r♦➸♥♦st♥❡ ❡♥❡r❣✐❥❡ ✈ ❦❛t❡r❡♠❦♦❧✐ tr❡✲
♥✉t❦✉ ❡♥❛❦❛ s❦✉♣♥✐ ❡♥❡r❣✐❥✐✳ ❩ ❞r✉❣✐♠✐ ❜❡s❡❞❛♠✐✿ ❦❡r ❥❡ Wk = Wo+Wpr✱ ❧❛❤❦♦ s❦❧❡♣❛♠♦✱
❞❛ ❥❡ r❛③♠❡r❥❡ ♠❡❞ ❦✐♥❡t✐↔♥♦ ❡♥❡r❣✐❥♦ ✐♥ s❦✉♣♥♦ ❡♥❡r❣✐❥♦✿

Wk

Wo
=

3

4

✦
❚❛❦♦ ✉❣♦t♦✈✐♠♦✱ ❞❛ ❥❡ ❦✐♥❡t✐↔♥❛ ❡♥❡r❣✐❥❛ ✸ ❦r❛t ✈❡↔❥❛✱ ↔❡ ❥❡ ♦❞♠✐❦ ❡♥❛❦ ♣♦❧♦✈✐❝✐ ❛♠♣❧✐t✉❞❡✦
❆❧✐✿

Wk

Wpr
=

3

1

✷✳ ③❛↔♥❡♠♦ s ♣♦❞❛t❦♦♠ x = xo

2

❦❡r ♠♦r❛ ❤❦r❛t✐ ✈❡❧❥❛t✐ x = xo sin(ωt) ✭↔❡ ♥✐❤❛❧♦ ③❛↔♥❡♠♦ ♦♣❛③♦✈❛t✐ ✈ r❛✈♥♦✈❡s♥✐ ❧❡❣✐✮✱
❤✐tr♦ ✐③r❛↔✉♥❛♠♦✱ ❞❛ ❥❡

x

xo
= sin(ωt) =

1

2

♦③✐r♦♠❛
ωt =

π

6

♣♦t❡♠ ♣♦❣❧❡❞❛♠♦✱ ❦❛❦♦ ❥❡ ③ r❛③♠❡r❥❡♠ ❦✐♥❡t✐↔♥❡ ✐♥ ♣r♦➸♥♦st♥❡ ❡♥❡r❣✐❥❡ ✈ t❡♠ tr❡♥✉t❦✉✿

Wk

Wpr
=

mv2

2
kx2

2

=

=
mω2x2

o cos2(ωt)

kx2
o sin2(ωt)

=
cos2 π

6

sin2 π
6

=
(√

3
)2

= 3

✸✷✳ ❑♦❧✐❦➨❡♥ ❞❡❧ ❛♠♣❧✐t✉❞❡ ♦❞♠✐❦❛ ❥❡ ♦❞♠✐❦ ✈ tr❡♥✉t❦✉✱ ❦♦ ❥❡ ❦✐♥❡t✐↔♥❛ ❡♥❡r❣✐❥❛ ✈③♠❡t♥❡❣❛ ♥✐❤❛❧❛
❡♥❛❦❛ ♣r♦➸♥♦st♥✐ ❡♥❡r❣✐❥✐❄ ❑❞❛❥ s❡ t♦ ③❣♦❞✐❄

❘♣✿ ❚♦ s❡ ③❣♦❞✐ ♦❜ ↔❛s✉✿
Wk = Wpr

m · v2/2 = k · x2/2

❯♣♦r❛❜✐♠ ❡♥❛↔❜❡ ③❛ ③❛↔❡t❡❦ ♥✐❤❛♥❥❛ ✈ ❘▲✿
v = vo cos(ω · t)
x = xo sin(ω · t)
✈❡♠ ♣❛ t✉❞✐ ❞❛ ❥❡✿
vo = ω · xo

k (kg/s2) => to = 2π · (m/k)1/2 ❂❃
❂❃ k = 4π2 · m/t2o
s❧❡❞✐✿
m · v2

o · cos2(ω · t) = k · x2
o · sin

2(ω · t)
m · x2

o · ω2 · cos2(ω · t) = k · x2
o · sin

2(ω · t)
m · ω2/k = sin2(ω · t)/ cos2(ω · t)
m · (2π/to)

2/4π2 · m/t2o = tg2(ω · t)
1 = tg(ω · t) ✳ ✳ ✳ ♣❛③✐ ❛❧✐ r❛↔✉♥❛➨ ✈ r❛❞✐❛♥✐❤ ❛❧✐ st♦♣✐♥❥❛❤
pi/4 = (t · 2π)/to

t = to/8

♦③✐r♦♠❛ ❦♦t st❡ ❧❛❤❦♦ s❦❧❡♣❛❧✐ ❜r❡③ t❡❣❛ r❛↔✉♥❛ ♥❛ ♣♦❧♦✈✐❝✐ ↔❛s❛ ♠❡❞ ❘▲ ✐♥ ❙▲
x = xo · sin(ω · t)
x = xo · sin((2π/to) · (to/8))

x = xo · sin(pi/4)
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x = 0.87 · xo . . . ali . . . x = xo · 31/2/2

❧❛❤❦♦ ❜✐ ♣♦s❦✉s✐❧✐ t✉❞✐ t❛❦♦❧❡✿
❦❡r ❥❡✿ Wk = Wpr ✐♥ ❥❡ Wo = Wk + Wpr✱ s❦❧❡♣❛♠♦✱ ❞❛ ❥❡✿
Wo = 2Wpr✱ ♦③✐r♦♠❛

Wpr

Wo
=

1

2

↔❡ ✈❡❧❥❛✱ ❞❛ s❡ ♦❞♠✐❦ s♣r❡♠✐♥❥❛✿ x = xo sin(ω · t)
♣♦t❡♠ s❡ ♣r♦➸♥♦st♥❛ ❡♥❡r❣✐❥❛ s♣r❡♠✐♥❥❛✿

Wpr =
kx2

2
=

1

2
k (xo sin(ω · t))2 =

1

2
kx2

o sin2(ω · t)

③❛t♦ ❥❡ r❛③♠❡r❥❡ ❡♥❡r❣✐❥
Wpr

Wo
=

1
2kx2

o sin2(ω · t)
1
2kx2

o

❛❧✐
sin2(ω · t) =

1

2

❦♦r❡♥✐♠♦✿

sin(ω · t) = ±
√

1

2

♥❡❣❛t✐✈♥❡ r❡➨✐t✈❡ ♥❛s ♥❡ ③❛♥✐♠❛❥♦✱ ❦❡r ↔❛s ♥❡ t❡↔❡ ♥❛③❛❥✦

♦st❛♥❡ ♥❛♠ sin(ω · t) =
√

1/2 =
√

2
2

♦③✐r♦♠❛ ω · t = π
4

❦❡r ❥❡✿ ω = 2π
to

♣♦✐➨↔❡♠♦ ➨❡ ↔❛s✿
π

4
= ω · t =

2π

to
⇒ t =

to
8

♠♦❣♦↔❡ ♠❛❧♦ ❦r❛❥➨❡ ❛❧✐ ♣❛ t✉❞✐ ♥❡ ❀✮

✸✸✳ ■③♣❡❧❥✐ ❞✐❢❡r❡♥❝✐❛❧♥♦ ❡♥❛↔❜♦ ❞✉➨❡♥❡❣❛ ♥✐❤❛♥❥❛ ✈③♠❡t♥❡❣❛ ♥✐❤❛❧❛✦ ❯♣♦➨t❡✈❛❥✱ ❞❛ ❥❡ s✐❧❛ ✉♣♦r❛
s♦r❛③♠❡r♥❛ s ❤✐tr♦st❥♦ ✐♥ ♠❛s♦✦

✸✹✳ ✭✰✮❱③♠❡t♥♦ ♥✐❤❛❧♦ ❥❡ ♥❛ ③❛↔❡t❦✉ ♦♣❛③♦✈❛♥❥❛ ✈ r❛✈♥♦✈❡s♥✐ ❧❡❣✐✳ ◆✐❤❛ ③ ❛♠♣❧✐t✉❞♦ xo✱ ♥❥❡❣♦✈❛
♥❛❥✈❡↔❥❛ ♣r♦➸♥♦st♥❛ ❡♥❡r❣✐❥❛ ♣❛ ❥❡ Wpr0✳ ◆❛r✐➨✐ ❣r❛❢ ❦✐♥❡t✐↔♥❡ ✐♥ ♣r♦➸♥♦st♥❡ ❡♥❡r❣✐❥❡ ✈ ♦❞✈✐✲
s♥♦st✐ ♦❞ ♦❞♠✐❦❛✦ ◆❛ ❣r❛❢✉ ♦③♥❛↔✐ ♣r✐ ❦❛t❡r❡♠ ♦❞♠✐❦✉ x ❥❡ tr❡♥✉t♥❛ ❦✐♥❡t✐↔♥❛ ❡♥❡r❣✐❥❛ ❡♥❛❦❛
tr❡♥✉t♥✐ ♣r♦➸♥♦st♥✐ ❡♥❡r❣✐❥✐✦ ❑♦❧✐❦♦ ❥❡ r❛③♠❡r❥❡ ♠❡❞ t❡♠ ♦❞♠✐❦♦♠ ✐♥ ❛♠♣❧✐t✉❞♦❄ ✭✯✮❆❧✐ ❜✐
③♥❛❧ ✉❣♦t♦✈✐t✐ ♦❜ ❦❛t❡r✐❤ ↔❛s✐❤ s❡ t♦ ③❣♦❞✐❄

✸✺✳ ✭✰✮◆✐t♥♦ ♥✐❤❛❧♦ ❥❡ ♥❛ ③❛↔❡t❦✉ ♦♣❛③♦✈❛♥❥❛ ✈ s❦r❛❥♥✐ ❧❡❣✐✳ ◆✐❤❛ ③ ❛♠♣❧✐t✉❞♦ ❤✐tr♦st✐ vo✱ ♥❥❡❣♦✈❛
♥❛❥✈❡↔❥❛ ❦✐♥❡t✐↔♥❛ ❡♥❡r❣✐❥❛ ♣❛ ❥❡ Wk0✳ ◆❛r✐➨✐ ❣r❛❢ ❦✐♥❡t✐↔♥❡ ✐♥ ♣♦t❡♥❝✐❛❧♥❡ ❡♥❡r❣✐❥❡ ✈ ♦❞✈✐s♥♦st✐
♦❞ ❤✐tr♦st✐✦ ◆❛ ❣r❛❢✉ ♦③♥❛↔✐ ♣r✐ ❦❛t❡r✐ ❤✐tr♦st✐ v ❥❡ tr❡♥✉t♥❛ ❦✐♥❡t✐↔♥❛ ❡♥❡r❣✐❥❛ ❡♥❛❦❛ tr❡♥✉t♥✐
♣r♦➸♥♦st♥✐ ❡♥❡r❣✐❥✐✦ ❑♦❧✐❦♦ ❥❡ r❛③♠❡r❥❡ ♠❡❞ t♦ ❤✐tr♦st❥♦ ✐♥ ❛♠♣❧✐t✉❞♦ ❤✐tr♦st✐❄ ✭✯✮❆❧✐ ❜✐ ③♥❛❧
✉❣♦t♦✈✐t✐ ♦❜ ❦❛t❡r✐❤ ↔❛s✐❤ s❡ t♦ ③❣♦❞✐❄

✸✻✳ ❖♣❛③♦✈❛❧✐ s♠♦ ✈s✐❧❥❡♥♦ ♥✐❤❛♥❥❡ ♥✐❤❛❧❛✳ ▼❡r✐❧✐ s♠♦✱ ❦❛❦♦ ❥❡ ♥❥❡❣♦✈❛ ❛♠♣❧✐t✉❞❛ ♦❞✈✐s♥❛ ♦❞
✈s✐❧❥❡♥❡ ❢r❡❦✈❡♥❝❡✳ ▼❡r✐t✈❡ s♦ ③❜r❛♥❡ ✈ t❛❜❡❧✐✳

ν❬❍③❪ ✵✱✾✽✾ ✶✱✷✽✶ ✶✱✻✶✶ ✶✱✾✵✷ ✷✱✶✽✷ ✷✱✺✶✼ ✷✱✼✽✸ ✸✱✵✻✽ ✸✱✼✶✸ ✹✱✸✶✺ ✹✱✽✽✾
xo❬❝♠❪ ✶✱✶✻✵ ✶✱✹✵✾ ✶✱✺✽✵ ✷✱✵✶✷ ✷✱✾✽✵ ✺✱✽✸✸ ✻✱✺✺✼ ✷✱✾✼✾ ✶✱✽✽✶ ✵✱✾✶✹ ✵✱✺✾✶

◆❛r✐➨✐ r❡s♦♥❛♥↔♥♦ ❦r✐✈✉❧❥♦ ♥✐❤❛❧❛✦ ❑♦❧✐❦♦ ❥❡ ❢r❡❦✈❡♥❝❛ ✈s✐❧❥❡♥❡❣❛ ♥✐❤❛♥❥❛✱ ❦♦ ❥❡ ❛♠♣❧✐t✉❞❛
♥✐❤❛❧❛✱ ❦✐ ♠✉ ✈s✐❧❥✉❥❡♠♦ ♥✐❤❛♥❥❡✱ 4 cm❄ ◆❛ ❣r❛❢✉ ❥❛s♥♦ ♦③♥❛↔✐ ✐♥ ③❛♣✐➨✐ ✈r❡❞♥♦st ❧❛st♥❡ ❢r❡❦✈❡♥❝❡
♥✐❤❛❧❛✦ ✭✰✮◆❛ ❣r❛❢ ❞♦r✐➨✐ r❡s♦♥❛♥↔♥♦ ❦r✐✈✉❧❥♦ ♥✐❤❛❧❛✱ ❦✐ ❜✐ ❜✐❧♦ ♠♦↔♥❡❥❡ ❞✉➨❡♥♦✦



✼ ❱❆▲❖❱❆◆❏❊ ✶✶✻

✸✼✳ ❖♣❛③♦✈❛❧✐ s♠♦ ✈s✐❧❥❡♥♦ ♥✐❤❛♥❥❡ ♥✐❤❛❧❛✳ ▼❡r✐❧✐ s♠♦✱ ❦❛❦♦ ❥❡ ♥❥❡❣♦✈❛ ❛♠♣❧✐t✉❞❛ ♦❞✈✐s♥❛ ♦❞
✈s✐❧❥❡♥❡ ❢r❡❦✈❡♥❝❡✳ ▼❡r✐t✈❡ s♦ ③❜r❛♥❡ ✈ t❛❜❡❧✐✳

ν❬❍③❪ ✶✱✵✵✺ ✶✱✸✷✶ ✶✱✺✽✾ ✶✱✽✼✾ ✷✱✷✹✶ ✷✱✺✹✽ ✷✱✽✹✶ ✸✱✵✽✼ ✸✱✼✹✺ ✹✱✷✼✻ ✹✱✽✾✶
xo❬❝♠❪ ✶✱✸✶✸ ✶✱✻✼✶ ✷✱✺✷✵ ✹✱✺✹✸ ✸✱✷✽✵ ✶✱✻✹✻ ✵✱✾✽✼ ✵✱✼✷✵ ✵✱✹✶✵ ✵✱✷✻✸ ✵✱✷✵✸

◆❛r✐➨✐ r❡s♦♥❛♥↔♥♦ ❦r✐✈✉❧❥♦ ♥✐❤❛❧❛✦ ❑♦❧✐❦♦ ❥❡ ❢r❡❦✈❡♥❝❛ ✈s✐❧❥❡♥❡❣❛ ♥✐❤❛♥❥❛✱ ❦♦ ❥❡ ❛♠♣❧✐t✉❞❛
♥✐❤❛❧❛✱ ❦✐ ♠✉ ✈s✐❧❥✉❥❡♠♦ ♥✐❤❛♥❥❡✱ 3 cm❄ ◆❛ ❣r❛❢✉ ❥❛s♥♦ ♦③♥❛↔✐ ✐♥ ③❛♣✐➨✐ ✈r❡❞♥♦st ❧❛st♥❡ ❢r❡❦✈❡♥❝❡
♥✐❤❛❧❛✦ ✭✰✮◆❛ ❣r❛❢ ❞♦r✐➨✐ r❡s♦♥❛♥↔♥♦ ❦r✐✈✉❧❥♦ ♥✐❤❛❧❛✱ ❦✐ ❜✐ ❜✐❧♦ ➨✐❜❦❡❥❡ ❞✉➨❡♥♦✦

✸✽✳ ◆✐❤❛❧♦ ♥✐❤❛ ❞✉➨❡♥♦✳ ❑♦❡✜❝✐❡♥t ❞✉➨❡♥❥❛ ❥❡ 0, 02 s−1✳ P♦ 40 s ❥❡ ♥❥❡❣♦✈❛ ❛♠♣❧✐t✉❞❛ 5 cm✳ ❑♦❧✐❦♦
❥❡ ❜✐❧❛ ♥❥❡❣♦✈❛ ③❛↔❡t♥❛ ❛♠♣❧✐t✉❞❛ ✐♥ ❦♦❧✐❦♦ ♥❥❡❣♦✈❛ ❛♠♣❧✐t✉❞❛ ♣♦ 20 s❄ ◆❛r✐➨✐ ✐♥ ♦③♥❛↔✐ ❣r❛❢
❛♠♣❧✐t✉❞❡ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ↔❛s❛✦ ✭✰✮❱ ❦❛t❡r❡♠ tr❡♥✉t❦✉ ❥❡ ❛♠♣❧✐t✉❞❛ ❡♥❛❦❛ ♣♦❧♦✈✐❝✐ ③❛↔❡t♥❡
❛♠♣❧✐t✉❞❡❄

✸✾✳ ◆✐❤❛❧♦ ♥✐❤❛ ❞✉➨❡♥♦✳ ❑♦❡✜❝✐❡♥t ❞✉➨❡♥❥❛ ❥❡ 0, 02 s−1✳ P♦ 100 s ❥❡ ♥❥❡❣♦✈❛ ❛♠♣❧✐t✉❞❛ 7 cm✳ ❑♦❧✐❦♦
❜♦ ♥❥❡❣♦✈❛ ❛♠♣❧✐t✉❞❛ ↔❡③ ✺✵ s❡❦✉♥❞❄ ❑♦❧✐❦♦ ❥❡ ❜✐❧❛ ♥❥❡❣♦✈❛ ❛♠♣❧✐t✉❞❛ ♣r❡❞ ✺✵ s❡❦✉♥❞❛♠✐❄
◆❛r✐➨✐ ✐♥ ♦③♥❛↔✐ ❣r❛❢ ❛♠♣❧✐t✉❞❡ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ↔❛s❛✦ ✭✰✮Pr❡❞ ❦♦❧✐❦♦ ↔❛s❛ ❥❡ ❜✐❧❛ ♥❥❡❣♦✈❛
❛♠♣❧✐t✉❞❛ ❞✈❛❦r❛t ✈❡↔❥❛❄

✹✵✳ ◆✐❤❛❧♦ ♥✐❤❛ ❞✉➨❡♥♦✳ ❑♦❡✜❝✐❡♥t ❞✉➨❡♥❥❛ ❥❡ 0, 05 s−1✳ P♦ 40 s ❥❡ ♥❥❡❣♦✈❛ ❛♠♣❧✐t✉❞❛ 5 cm✳ ❑♦❧✐❦♦
❜♦ ♥❥❡❣♦✈❛ ❛♠♣❧✐t✉❞❛ ↔❡③ ✷✵ s❡❦✉♥❞❄ ❑♦❧✐❦♦ ❥❡ ❜✐❧❛ ♥❥❡❣♦✈❛ ❛♠♣❧✐t✉❞❛ ♣r❡❞ ✷✵ s❡❦✉♥❞❛♠✐❄
◆❛r✐➨✐ ✐♥ ♦③♥❛↔✐ ❣r❛❢ ❛♠♣❧✐t✉❞❡ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ↔❛s❛✦ ✭✰✮❷❡③ ❦♦❧✐❦♦ ↔❛s❛ ❜♦ ♥❥❡❣♦✈❛ ❛♠♣❧✐t✉❞❛
tr✐❦r❛t ♠❛♥❥➨❛❄

✹✶✳ ◆✐❤❛❧♦ ♥✐❤❛ ❞✉➨❡♥♦✳ ❑♦❡✜❝✐❡♥t ❞✉➨❡♥❥❛ ❥❡ 0, 05 s−1✳ P♦ 20 s ❥❡ ♥❥❡❣♦✈❛ ❛♠♣❧✐t✉❞❛ 5 cm✳ ❑♦❧✐❦♦
❥❡ ❜✐❧❛ ♥❥❡❣♦✈❛ ③❛↔❡t♥❛ ❛♠♣❧✐t✉❞❛ ✐♥ ❦♦❧✐❦♦ ♥❥❡❣♦✈❛ ❛♠♣❧✐t✉❞❛ ♣♦ ✶✵ s❄ ◆❛r✐➨✐ ✐♥ ♦③♥❛↔✐ ❣r❛❢
❛♠♣❧✐t✉❞❡ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ↔❛s❛✦ ✭✰✮❷❡③ ❦♦❧✐❦♦ ↔❛s❛ ❜♦ ❛♠♣❧✐t✉❞❛ 2, 5 cm❄

✻✳✷ ♥✐❤❛❥♥✐ ❦r♦❣

✶✳ ❑♦❧✐❦♦ ❥❡ r❛③♠❡r❥❡ ♠❡❞ t♦❦♦♠ ✐♥ ❛♠♣❧✐t✉❞♦ t♦❦❛✱ ❦❛❞❛r ❥❡ ❡❧❡❦tr✐↔♥❛ ❡♥❡r❣✐❥❛ ❡♥❛❦❛ ♠❛❣♥❡t♥✐
❡♥❡r❣✐❥✐ ❡❧❡❦tr✐↔♥❡❣❛ ♥✐❤❛❥♥❡❣❛ ❦r♦❣❛❄ ❑❞❛❥ s❡ t♦ ③❣♦❞✐✱ ↔❡ ❥❡ ♥✐❤❛❥♥✐ ↔❛s 8 s❄

❘♣✿ r❡➨✉❥❡ s❡ ♣❛ ♣♦❞♦❜♥♦ ❦♦t ♥❛❞❧♦❣❛ ❄✶✻❄ ♣r✐ ♠❡❤❛♥s❦✐❤ ♥✐❤❛❧✐❤✦

✷✳ ❑♦❧✐❦♦ ❥❡ r❛③♠❡r❥❡ ♠❡❞ t♦❦♦♠ ✐♥ ❛♠♣❧✐t✉❞♦ t♦❦❛✱ ❦❛❞❛r ❥❡ ❡❧❡❦tr✐↔♥❛ ❡♥❡r❣✐❥❛ ❡♥❛❦❛ ♠❛❣♥❡t♥✐
❡♥❡r❣✐❥✐ ❡❧❡❦tr✐↔♥❡❣❛ ♥✐❤❛❥♥❡❣❛ ❦r♦❣❛❄ ❑❞❛❥ s❡ t♦ ③❣♦❞✐✱ ↔❡ ❥❡ ♥✐❤❛❥♥✐ ↔❛s 2 s❄

✸✳ ❑♦❧✐❦♦ ❥❡ r❛③♠❡r❥❡ ♠❡❞ ❡❧❡❦tr✐↔♥♦ ✐♥ ♠❛❣♥❡t♥♦ ❡♥❡r❣✐❥♦ ❡❧❡❦tr✐↔♥❡❣❛ ♥✐❤❛❥♥❡❣❛ ❦r♦❣❛✱ ❦❛❞❛r ❥❡
♥❛♣❡t♦st ❡♥❛❦❛ ♣♦❧♦✈✐❝✐ ♥❛❥✈❡↔❥❡ ♥❛♣❡t♦st✐❄ ❑❞❛❥ s❡ t♦ ③❣♦❞✐✱ ↔❡ ❥❡ ♥✐❤❛❥♥✐ ↔❛s 8 s❄

✹✳ ◆✐❤❛❥♥✐ ❦r♦❣ s❡st❛✈✐♠♦ ✐③ t✉❧❥❛✈❡ ✐♥ ♣❧♦➨↔❛t❡❣❛ ❦♦♥❞❡♥③❛t♦r❥❛✳ ❚✉❧❥❛✈❛ ✐♠❛ ✺✵✵ ♦✈♦❥❡✈✱ ♣r❡♠❡r
4 cm ✐♥ ❞♦❧➸✐♥♦ 15 cm✳ ❑♦♥❞❡♥③❛t♦r ✐♠❛ ♣♦✈r➨✐♥♦ 100 cm2 ✐♥ r❛③♠✐❦ ♠❡❞ ♣❧♦➨↔❛♠❛ 0, 5 mm✳
◆❛ ❦❛t❡r♦ ✈❛❧♦✈♥♦ ❞♦❧➸✐♥♦ ❥❡ ✉❣❧❛➨❡♥ ♥✐❤❛❥♥✐ ❦r♦❣❄

✺✳ ◆✐❤❛❥♥✐ ❦r♦❣ s❡st❛✈✐♠♦ ✐③ t✉❧❥❛✈❡ ✐♥ ♣❧♦➨↔❛t❡❣❛ ❦♦♥❞❡♥③❛t♦r❥❛✳ ❚✉❧❥❛✈❛ ✐♠❛ ✷✺✵ ♦✈♦❥❡✈✱ ♣r❡♠❡r
4 cm ✐♥ ❞♦❧➸✐♥♦ 15 cm✳ ❑♦♥❞❡♥③❛t♦r ✐♠❛ ♣♦✈r➨✐♥♦ 400 cm2 ✐♥ r❛③♠✐❦ ♠❡❞ ♣❧♦➨↔❛♠❛ 0, 5 mm✳
◆❛ ❦❛t❡r♦ ✈❛❧♦✈♥♦ ❞♦❧➸✐♥♦ ❥❡ ✉❣❧❛➨❡♥ ♥✐❤❛❥♥✐ ❦r♦❣❄

✻✳ ❑♦♥❞❡♥③❛t♦r s ❦❛♣❛❝✐t❡t♦ 1, 5 mF ✐♥ t✉❧❥❛✈❛ ③ ✐♥❞✉❦t✐✈♥♦st❥♦ 50 mH t✈♦r✐t❛ ❡❧❡❦tr✐↔♥✐ ♥✐❤❛❥♥✐
❦r♦❣✳ ❑♦♥❞❡♥③❛t♦r ♥❛❜✐❥❡♠♦ ③ ♥❛♣❡t♦st❥♦ 500 V ✐♥ ✐③❦❧♦♣✐♠♦ ✈✐r ♥❛♣❡t♦st✐✳ ❑♦❧✐❦➨♥✐ st❛ ❛♠✲
♣❧✐t✉❞❛ t♦❦❛ ✐♥ ❢r❡❦✈❡♥❝❛ ♥✐❤❛❥♥❡❣❛ ❦r♦❣❛❄

✼✳ P♦✐➨↔✐ ③❣♦r♥❥♦ ✐♥ s♣♦❞♥❥♦ ♠❡❥♦ ③❛ ❦❛♣❛❝✐t❡t♦ ✈rt❧❥✐✈❡❣❛ ❦♦♥❞❡♥③❛t♦r❥❛ ✈ ♥✐❤❛❥♥❡♠ ❦r♦❣✉ r❛✲
❞✐❥s❦❡❣❛ s♣r❡❥❡♠♥✐❦❛✱ ❞❛ ❧❛❤❦♦ ♣♦s❧✉➨❛♠♦ r❛❞✐❥s❦❡ ♣♦st❛❥❡ ♥❛ ✈❛❧♦✈♥✐❤ ❞♦❧➸✐♥❛❤ ♦❞ 500 m ❞♦
2100 m✦ ❑❛♣❛❝✐t❡t❛ ❦♦♥❞❡♥③❛t♦r❥❛ ♣r✐ ✈❛❧♦✈♥✐ ❞♦❧➸✐♥♦ 1 km ❥❡ 800 pF✦

✼ ✈❛❧♦✈❛♥❥❡

✼✳✶ ✈❛❧♦✈❛♥❥❡

✶✳ ❩✈♦↔♥✐❦ ③❛↔♥❡ ♥✐❤❛t✐ s ❢r❡❦✈❡♥❝♦ nu = 150Hz ✐♥ ❛♠♣❧✐t✉❞♦ 6 ·10−6 m✳ ❑♦❧✐❦♦ ❥❡ ♦❞♠✐❦ ③r❛↔♥✐❤
❞❡❧♦✈ ♥❛ ♦❞❞❛❧❥❡♥♦st✐ 680 m ♣♦ 3 s ✭c = 340m/s✮❄
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✷✳ Pr♦st♦ ❦r❛❥✐➨↔❡ ③❡❧♦ ❞♦❧❣❡ r❛✈♥❡ ✈r✈✐ ③❛↔♥❡ ♥✐❤❛t✐ s ❢r❡❦✈❡♥❝♦ 6 Hz ✐♥ ❛♠♣❧✐t✉❞♦ 10 cm✳ ❱❛❧♦✲
✈❛♥❥❡ s❡ ➨✐r✐ ♣♦ ✈r✈✐ s ❤✐tr♦st❥♦ 3 m/s✳ ❙ ❦♦❧✐❦➨♥♦ ❛♠♣❧✐t✉❞♦ ♥✐❤❛ 4 s ♣♦ ♣r✐↔❡t❦✉ ♥✐❤❛♥❥❛ ❞❡❧
✈r✈✐✱ ❦✐ ❥❡ 7 m str❛♥ ♦❞ ❦r❛❥✐➨↔❛❄

✸✳ ❚♦↔❦❛st ③✈♦↔♥✐❦ ♦❞❞❛❥❛ ③✈♦↔♥✐ t♦❦ 80 W ♣r✐ ❢r❡❦✈❡♥❝✐ 440 Hz✳ ❑♦❧✐❦♦ ❥❡ ❥❛❦♦st ③✈♦❦❛ 8 m ♦❞
③✈♦↔♥✐❦❛❄ ❑♦❧✐❦♦ ❥❡ t❛♠ ❣❧❛s♥♦st❄

✹✳ ❚♦↔❦❛st ③✈♦↔♥✐❦ ♦❞❞❛❥❛ ♣r✐ ❢r❡❦✈❡♥❝✐ 2 kHz ③✈♦↔♥✐ t♦❦ 5 W✳ ❑♦❧✐❦♦ str❛♥ ♦❞ ③✈♦↔♥✐❦❛ ♥❛♠❡r✐♠♦
❥❛❦♦st ③✈♦❦❛ 0, 2 Wm−2 ❄ ❑♦❧✐❦♦ ❥❡ t❛♠ ❣❧❛s♥♦st❄

✺✳ ●❧♦❜✐♥♦ 20 m ❜✐ r❛❞✐ ❞♦❧♦↔✐❧✐ ♥❛ ✶✪ ♥❛t❛♥↔♥♦ ③ ♠❡r❥❡♥❥❡♠ ③❛❦❛s♥✐t✈❡ ♦❞❜✐t❡❣❛ ♣♦❞✈♦❞♥❡❣❛
③✈♦❦❛✳ ❑♦❧✐❦➨♥♦ ♥❛❥♠❛♥❥➨♦ ↔❛s♦✈♥♦ ③❛❦❛s♥✐t❡✈ ♠♦r❛♠♦ ❜✐t✐ s♣♦s♦❜♥✐ ✐③♠❡r✐t✐❄ ❍✐tr♦st ③✈♦❦❛
✈ ✈♦❞✐ ❥❡ 1400 m/s✳

✻✳ ❱✐❥♦❧✐↔♥❛ s✈❡t❧♦❜❛ ✐♠❛ ❢r❡❦✈❡♥❝♦ 7, 5 · 1014 Hz✳ ❑♦❧✐❦♦ ❥❡ r❛③♠❡r❥❡ ♠❡❞ ♥❥❡♥♦ ✈❛❧♦✈♥♦ ❞♦❧➸✐♥♦
✈ ③r❛❦✉ ✐♥ ✈❛❧♦✈♥♦ ❞♦❧➸✐♥♦ ✈ ✈♦❞✐❄ ✭cz = 300000 km/s✱ cv = 2, 2 · 108 m/s✮

✼✳ ❘✉♠❡♥♦ ③❡❧❡♥❛ s✈❡t❧♦❜❛ ✐♠❛ ❢r❡❦✈❡♥❝♦ 5, 5 · 1014 Hz✳ ❑♦❧✐❦♦ ❥❡ r❛③♠❡r❥❡ ♠❡❞ ♥❥❡♥♦ ✈❛❧♦✈♥♦
❞♦❧➸✐♥♦ ✈ ③r❛❦✉ ✐♥ ✈❛❧♦✈♥♦ ❞♦❧➸✐♥♦ ✈ ✈♦❞✐❄ ✭cz = 300000 km/s✱ cv = 2 · 108 m/s✮

❘♣✿
λz

λv
=

cz

cv
=

3

2
= 1, 5

✽✳ ❑♦❧✐❦♦ ❥❡ ✈❛❧♦✈♥❛ ❞♦❧➸✐♥❛ ③✈♦❦❛ ✈ ③r❛❦✉✱ ↔❡ ❥❡ ♥❥❡❣♦✈❛ ❢r❡❦✈❡♥❝❛ 2000 Hz❄

✾✳ ❚♦♥ ✐♠❛ ❢r❡❦✈❡♥❝♦ 1500 Hz✳ ❑♦❧✐❦♦ ❥❡ r❛③♠❡r❥❡ ♠❡❞ ♥❥❡❣♦✈♦ ✈❛❧♦✈♥♦ ❞♦❧➸✐♥♦ ✈ ✈♦❞✐ ✐♥ ✈ ③r❛❦✉
♣r✐ ♥♦r♠❛❧♥✐❤ ♣♦❣♦❥✐❤❄ ✭cv = 1, 4 km/s✱ cz = 340m/s✮

❘♣✿ 4, 12

✶✵✳ ❚♦♥ ✐♠❛ ❢r❡❦✈❡♥❝♦ 500 Hz✳ ❑♦❧✐❦♦ ❥❡ r❛③♠❡r❥❡ ♠❡❞ ♥❥❡❣♦✈♦ ✈❛❧♦✈♥♦ ❞♦❧➸✐♥♦ ✈ ✈♦❞✐ ✐♥ ✈ ③r❛❦✉
♣r✐ ♥♦r♠❛❧♥✐❤ ♣♦❣♦❥✐❤❄ ✭cv = 1, 4 km/s✱ cz = 340m/s✮

✶✶✳ ◆❛➨t❡❥ s♣❡❦t❡r ❡❧❡❦tr♦♠❛❣♥❡t♥❡❣❛ ✈❛❧♦✈❛♥❥❛ ♣♦ ♥❛r❛➨↔❛❥♦↔✐ ❢r❡❦✈❡♥❝✐✦

✶✷✳ ◆❛➨t❡❥ s♣❡❦t❡r ❡❧❡❦tr♦♠❛❣♥❡t♥❡❣❛ ✈❛❧♦✈❛♥❥❛ ♣♦ ♣❛❞❛❥♦↔✐ ✈❛❧♦✈♥✐ ❞♦❧➸✐♥✐✦

✶✸✳ ❊❧❡❦tr♦♠❛❣♥❡t♥✐ ✈❛❧♦✈✐ ✐♠❛❥♦ ❢r❡❦✈❡♥❝♦ 6 ·1014 Hz✳ ❑♦❧✐❦♦ ❥❡ ♥❥✐❤♦✈❛ ✈❛❧♦✈♥❛ ❞♦❧➸✐♥❛ ✐♥ ❦❛t❡r♦
✈❛❧♦✈❛♥❥❡ ❥❡ t♦❄

❘♣✿

λ =
c

ν
=

3 · 108 m/s

6 · 1014 Hz
= 5 · 10−7 m = 0, 5 µm = 500 nm

t♦ ❥❡ ♠♦❞r♦ ③❡❧❡♥❛ s✈❡t❧♦❜❛

✶✹✳ ❑♦❧✐❦♦ ❥❡ ✈❛❧♦✈♥❛ ❞♦❧➸✐♥❛ ❡❧❡❦tr♦♠❛❣♥❡t♥❡❣❛ ✈❛❧♦✈❛♥❥❛ s ❢r❡❦✈❡♥❝♦ 3 GHz ✐♥ ❦❛t❡r♦ ✈❛❧♦✈❛♥❥❡
❥❡ t♦❄

❘♣✿ ν = 3GHz = 3 ·109 Hz✱ c = 3 ·108 m/s ✳ ✳ ✳ ❤♠♠ s✈❡t❧♦❜♥❛ ❤✐tr♦st✱ ❞❛ t♦ s✐ ❥❡ ❞♦❜r ③❛♣♦♠♥t
c = ν · λ

λ =
c

ν
=

3 · 108 m/s

3 · 109 m/s
= 0, 1 m

❍♠♠ t♦❧✐❦♦ ❦♦t s❡ ❥❛st s♣♦♠♥✐♠ ❥❡ t♦ ❡❧❡❦tr♦♠❛❣♥❡t♥♦ ✈❛❧♦✈❛♥❥❡ ③ ♠❛❧♦ ❡♥❡r❣✐❥❡✱ ♥❛❥✈❡r✲
❥❡t♥❡❥❡ r❛❞✐❥s❦✐ ✈❛❧♦✈✐✳

✶✺✳ ❑♦❧✐❦♦ ❥❡ ✈❛❧♦✈♥❛ ❞♦❧➸✐♥❛ ❡❧❡❦tr♦♠❛❣♥❡t♥❡❣❛ ✈❛❧♦✈❛♥❥❛ s ❢r❡❦✈❡♥❝♦ 91 MHz ✐♥ ❦❛t❡r♦ ✈❛❧♦✈❛♥❥❡
❥❡ t♦❄
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❘♣✿ ν = 91MHz = 91 · 106 Hz

c = 3 · 108 m/s

λ ✳ ✳ ✳ ✈❛❧♦✈♥❛ ❞♦❧➸✐♥❛ ✭❞r✉❣❛↔❡ ❣r➨❦❛ ↔r❦❛ λ✮

c = νλ

λ =
c

ν

λ =
3 · 108 m/s

91 · 106 s−1

λ = 3.3 m

❊♠❤♠✳ ✳ ✳ s❡❥ st❡ ➸❡ s❧✐➨❛❧ ③❛ r❛❞✐♦✳ ✳ ✳

✶✻✳ ❑♦❧✐❦♦ ❥❡ ✈❛❧♦✈♥❛ ❞♦❧➸✐♥❛ ❡❧❡❦tr♦♠❛❣♥❡t♥❡❣❛ ✈❛❧♦✈❛♥❥❛ s ❢r❡❦✈❡♥❝♦ 9·1014 Hz ✐♥ ❦❛t❡r♦ ✈❛❧♦✈❛♥❥❡
❥❡ t♦❄

✶✼✳ ❑♦❧✐❦♦ ❥❡ ✈❛❧♦✈♥❛ ❞♦❧➸✐♥❛ ❡❧❡❦tr♦♠❛❣♥❡t♥❡❣❛ ✈❛❧♦✈❛♥❥❛ s ❢r❡❦✈❡♥❝♦ 3·1014 Hz ✐♥ ❦❛t❡r♦ ✈❛❧♦✈❛♥❥❡
❥❡ t♦❄

✶✽✳ ❊❧❡❦tr♦♠❛❣♥❡t♥✐ ✈❛❧♦✈✐ ✐♠❛❥♦ ✈❛❧♦✈♥♦ ❞♦❧➸✐♥♦ 3, 1 m✳ ❑♦❧✐❦♦ ❥❡ ♥❥✐❤♦✈❛ ❢r❡❦✈❡♥❝❛ ✐♥ ❦❛t❡r♦
✈❛❧♦✈❛♥❥❡ ❥❡ t♦❄

❘♣✿ ν = 96, 77 MHz r❛❞✐❥s❦✐ ✉❧tr❛ ❦r❛t❦✐ ✈❛❧♦✈✐ ✕ ❯❑❱ ❛❧✐ ❋▼ ♦③♥❛❦❛ ♥❛ r❛❞✐❥s❦❡♠ s♣r❡❥❡♠♥✐❦✉

✶✾✳ ❘✉♠❡♥♦ ③❡❧❡♥❛ s✈❡t❧♦❜❛ ✐♠❛ ✈❛❧♦✈♥♦ ❞♦❧➸✐♥♦ 555 nm✳ ❑♦❧✐❦♦ ❥❡ ♥❥❡♥❛ ❢r❡❦✈❡♥❝❛❄

✷✵✳ ◆❛tr✐❥❡✈❛ s✈❡t✐❧❦❛ s✈❡t✐ ③ ♦r❛♥➸♥♦ s✈❡t❧♦❜♦✱ ❦✐ ✐♠❛ ✈❛❧♦✈♥♦ ❞♦❧➸✐♥♦ 589 nm✳ ❑♦❧✐❦♦ ❥❡ ♥❥❡♥❛
❢r❡❦✈❡♥❝❛❄

❘♣✿ ν = c/λ = 5, 09 · 1014 Hz

✷✶✳ ❍❡✲◆❡ ❧❛s❡r s✈❡t✐ ③ r❞❡↔♦ s✈❡t❧♦❜♦✱ ❦✐ ✐♠❛ ✈❛❧♦✈♥♦ ❞♦❧➸✐♥♦ 620 nm✳ ❑♦❧✐❦♦ ❥❡ ♥❥❡♥❛ ❢r❡❦✈❡♥❝❛❄

✷✷✳ ❊♣r✉✈❡t❛ ③❛♣✐s❦❛✱ ❦❡r ✈ ♥❥❡❥ ♥❛st❛♥❡ st♦❥❡↔❡ ③✈♦↔♥♦ ✈❛❧♦✈❛♥❥❡✳ ●❧♦❜♦❦❛ ❥❡ 15 cm✳ ❙ ❦❛t❡r♦
♦s♥♦✈♥♦ ❢r❡❦✈❡♥❝♦ s❡ ♦❣❧❛s✐❄ ❑♦❧✐❦♦ ❥❡ tr❡t❥❛ ✈✐➨❥❡ ❤❛r♠♦♥s❦❛ ❢r❡❦✈❡♥❝❛❄ ❍✐tr♦st ③✈♦❦❛ ✈ ③r❛❦✉
❥❡ c = 330m/s✳

❘♣✿ ❦❡r ❥❡ ❡♥ ❦♦♥❡❝ ❡♣r✉✈❡t❡ ♦❞♣rt✱ ❞r✉❣✐ ♣❛ ③❛♣rt✱ ❧❛❤❦♦ ✈③❛♠❡♠♦✱ ❞❛ ❥❡ ❞♦❧➸✐♥❛ ❡♣r✉✈❡t❡
❡♥❛❦❛ ↔❡trt✐♥✐ ✈❛❧♦✈♥❡ ❞♦❧➸✐♥❡✱ ③❛t♦ ✿ λ = 4l = 60 cm

t❛❦♦ ❥❡ ♦s♥♦✈♥❛ ❢r❡❦✈❡♥❝❛✱ s ❦❛t❡r♦ s❡ ♦❣❧❛s✐ ❡♣r✉✈❡t❛✿

νo =
c

λ
= 550Hz

♠❡❞t❡♠ ❦♦ ❥❡ tr❡t❥❡ ✈✐➨❥❡ ❤❛r♠♦♥s❦❛ ❢r❡❦✈❡♥❝❛✿

ν3 = (2n + 1)νo = 7νo = 3850Hz

✷✸✳ ❖❞♣rt❛ ♣✐➨↔❛❧ ③❛♣✐s❦❛✱ ❦❡r ✈ ♥❥❡❥ ♥❛st❛♥❡ st♦❥❡↔❡ ✈❛❧♦✈❛♥❥❡✳ P✐➨↔❛❧ ❥❡ ❞♦❧❣❛ 25 cm✳ ❙ ❦❛t❡r♦
♦s♥♦✈♥♦ ❢r❡❦✈❡♥❝♦ s❡ ♦❣❧❛s✐❄ ❑♦❧✐❦♦ ❥❡ ↔❡trt❛ ✈✐➨❥❡ ❤❛r♠♦♥s❦❛ ❢r❡❦✈❡♥❝❛❄ ❩✈♦↔♥❛ ❤✐tr♦st
c = 320m/s✳

❘♣✿ ❦❡r st❛ ♦❜❛ ❦♦♥❝❛ ♣✐➨↔❛❧✐ ♦❞♣rt❛✱ ❧❛❤❦♦ ✈③❛♠❡♠♦✱ ❞❛ ❥❡ ❞♦❧➸✐♥❛ ❡♣r✉✈❡t❡ ❡♥❛❦❛ ♣♦❧♦✈✐❝✐
✈❛❧♦✈♥❡ ❞♦❧➸✐♥❡✱ ③❛t♦ ✿ λ = 2l = 50 cm

t❛❦♦ ❥❡ ♦s♥♦✈♥❛ ❢r❡❦✈❡♥❝❛✱ s ❦❛t❡r♦ s❡ ♦❣❧❛s✐ ♣✐➨↔❛❧✿

νo =
c

λ
= 640Hz

♠❡❞t❡♠ ❦♦ ❥❡ ↔❡trt❛ ✈✐➨❥❡ ❤❛r♠♦♥s❦❛ ❢r❡❦✈❡♥❝❛✿

ν4 = (n + 1)νo = 5νo = 3200Hz



✼ ❱❆▲❖❱❆◆❏❊ ✶✶✾

✷✹✳ ❖❞♣rt❛ ♣✐➨↔❛❧ ③❛♣✐s❦❛✱ ❦❡r ✈ ♥❥❡❥ ♥❛st❛♥❡ st♦❥❡↔❡ ✈❛❧♦✈❛♥❥❡✳ ❑❛❦♦ ❞♦❧❣❛ ❥❡ ♣✐➨↔❛❧✱ ↔❡ s❡ ♦❣❧❛s✐ ③
♦s♥♦✈♥♦ ❢r❡❦✈❡♥❝♦ 200 Hz❄ ❑♦❧✐❦♦ ❥❡ ↔❡trt❛ ✈✐➨❥❡ ❤❛r♠♦♥s❦❛ ❢r❡❦✈❡♥❝❛❄

✷✺✳ ❖❞♣rt❛ ♣✐➨↔❛❧ ③❛♣✐s❦❛✱ ❦❡r ✈ ♥❥❡❥ ♥❛st❛♥❡ st♦❥❡↔❡ ✈❛❧♦✈❛♥❥❡✳ ❑❛❦♦ ❞♦❧❣❛ ❥❡ ♣✐➨↔❛❧✱ ↔❡ s❡ ♦❣❧❛s✐
③ ♦s♥♦✈♥♦ ❢r❡❦✈❡♥❝♦ 512 Hz❄ ❑♦❧✐❦♦ ❥❡ ↔❡trt❛ ✈✐➨❥❡ ❤❛r♠♦♥s❦❛ ❢r❡❦✈❡♥❝❛❄ ❩✈♦↔♥❛ ❤✐tr♦st
c = 340m/s✳

✷✻✳ ❑❧❥✉↔❡❦ ③ ❧✉❦♥❥♦ ③❛♣✐s❦❛✱ ❦❡r ✈ ♥❥❡♠ ♥❛st❛♥❡ st♦❥❡↔❡ ③✈♦↔♥♦ ✈❛❧♦✈❛♥❥❡✳ ❑❛❦♦ ❣❧♦❜♦❦❛ ❥❡ ❧✉❦♥❥❛✱
↔❡ s❡ ♦❣❧❛s✐ ③ ♦s♥♦✈♥♦ ❢r❡❦✈❡♥❝♦ 2 kHz❄ ❑♦❧✐❦♦ ❥❡ tr❡t❥❛ ✈✐➨❥❡ ❤❛r♠♦♥s❦❛ ❢r❡❦✈❡♥❝❛❄

✷✼✳ ❊♣r✉✈❡t❛ ③❛♣✐s❦❛✱ ❦❡r ✈ ♥❥❡❥ ♥❛st❛♥❡ st♦❥❡↔❡ ③✈♦↔♥♦ ✈❛❧♦✈❛♥❥❡✳ ❑❛❦♦ ❣❧♦❜♦❦❛ ❥❡ ❡♣r✉✈❡t❛✱ ↔❡
s❡ ♦❣❧❛s✐ ③ ♦s♥♦✈♥♦ ❢r❡❦✈❡♥❝♦ 0, 88 kHz❄ ❑♦❧✐❦♦ ❥❡ tr❡t❥❛ ✈✐➨❥❡ ❤❛r♠♦♥s❦❛ ❢r❡❦✈❡♥❝❛❄ ❩✈♦↔♥❛
❤✐tr♦st c = 340m/s✳

✷✽✳ ❊♣r✉✈❡t❛ ③❛♣✐s❦❛✱ ❦❡r ✈ ♥❥❡❥ ♥❛st❛♥❡ st♦❥❡↔❡ ③✈♦↔♥♦ ✈❛❧♦✈❛♥❥❡✳ ●❧♦❜♦❦❛ ❥❡ 14 cm✳ ❙ ❦❛t❡r♦
♦s♥♦✈♥♦ ❢r❡❦✈❡♥❝♦ s❡ ♦❣❧❛s✐❄ ❑♦❧✐❦♦ ❥❡ tr❡t❥❛ ✈✐➨❥❡ ❤❛r♠♦♥s❦❛ ❢r❡❦✈❡♥❝❛❄ ❩✈♦↔♥❛ ❤✐tr♦st c =
340 m/s✳

✷✾✳ ❖❞♣rt❛ ♣✐➨↔❛❧ ✭♥♣r✳ ✢❛✈t❛✮ ③❛♣✐s❦❛✱ ❦❡r ✈ ♥❥❡❥ ♥❛st❛♥❡ st♦❥❡↔❡ ✈❛❧♦✈❛♥❥❡✳ ❉♦❧❣❛ ❥❡ 60 cm✳ ❙
❦❛t❡r♦ ♦s♥♦✈♥♦ ❢r❡❦✈❡♥❝♦ s❡ ♦❣❧❛s✐❄ ❑♦❧✐❦♦ ❥❡ tr❡t❥❛ ✈✐➨❥❡ ❤❛r♠♦♥s❦❛ ❢r❡❦✈❡♥❝❛❄ ❩✈♦↔♥❛ ❤✐tr♦st
c = 340m/s✳

✸✵✳ ❊♣r✉✈❡t❛ s❡ ♦❣❧❛s✐ ③ ♦s♥♦✈♥♦ ❢r❡❦✈❡♥❝♦ 868 Hz✱ ↔❡ ♣r❡↔♥♦ ♣✐❤♥❡♠♦ ♣r❡❦♦ ♥❥❡♥❡ ♦❞♣rt✐♥❡✳ ❑♦❧✐❦♦
❥❡ ❞♦❧➸✐♥❛ ❡♣r✉✈❡t❡❄ ❑♦❧✐❦♦ ❥❡ ↔❡trt❛ ✈✐➨❥❡❤❛r♠♦♥s❦❛ ❢r❡❦✈❡♥❝❛❄ ✭❤✐tr♦st ③✈♦❦❛ ✈ ③r❛❦✉ c =
340 m/s✮

❘♣✿ l = 9.8 cm✱ ν4 = 7810Hz

✸✶✳ ❉♦❦❛➸✐✱ ❞❛ ❥❡ r❛③❞❛❧❥❛ ♠❡❞ ❞✈❡♠❛ ③❛♣♦r❡❞♥✐♠❛ ✈♦③❧♦♠❛ st♦❥❡↔❡❣❛ ✈❛❧♦✈❛♥❥❛ r❡s ♣♦❧♦✈✐❝❛ ✈❛✲
❧♦✈♥❡ ❞♦❧➸✐♥❡✦

✸✷✳ ■③ ❞❡✜♥✐❝✐❥❡ ✈❛❧♦✈❛♥❥❛ ♣♦❦❛➸✐✱ ❦❛t❡r❛ r❛③❞❛❧❥❛ ❥❡ ❡♥❛❦❛ ✈❛❧♦✈♥✐ ❞♦❧➸✐♥✐✦

✸✸✳ ◆❛ str✉♥✐ ✈③❜✉❥❛♠♦ st♦❥❡↔❡ ✈❛❧♦✈❛♥❥❡ s ❢r❡❦✈❡♥❝♦ 440 Hz✳ ❘❛③❞❛❧❥❛ ♠❡❞ ❞✈❡♠❛ ③❛♣♦r❡❞♥✐♠❛
✈♦③❧♦♠❛ ♥❛ str✉♥✐ ❥❡ 30 cm✳ ❑♦❧✐❦♦ ❥❡ ❤✐tr♦st ✈❛❧♦✈❛♥❥❛ ♥❛ str✉♥✐❄ ❑♦❧✐❦♦ ❥❡ ❧❛❤❦♦ ♥❛❥✈❡↔❥❛
❞♦❧➸✐♥❛ str✉♥❡✱ ❞❛ ➨❡ ♥❛st❛♥❡ ♥❛ ♥❥❡❥ st♦❥❡↔❡ ✈❛❧♦✈❛♥❥❡✱ ↔❡ ✐♠❛ ✈❛❧♦✈❛♥❥❡ ❢r❡❦✈❡♥❝♦ 440 Hz ✐♥
❤✐tr♦st 500 m/s❄

✸✹✳ ◆❛ str✉♥✐ ✈③❜✉❥❛♠♦ st♦❥❡↔❡ ✈❛❧♦✈❛♥❥❡ s ❢r❡❦✈❡♥❝♦✳ ❘❛③❞❛❧❥❛ ♠❡❞ ❞✈❡♠❛ ③❛♣♦r❡❞♥✐♠❛ ✈♦③❧♦♠❛
♥❛ str✉♥✐ ❥❡ 40 cm✱ ❤✐tr♦st ✈❛❧♦✈❛♥❥❛✱ ❦✐ s❡ ➨✐r✐ ♣♦ ♥❥❡❥ ♣❛ 300 m/s✳ ❙ ❦♦❧✐❦➨♥♦ ❢r❡❦✈❡♥❝♦ s❡
str✉♥❛ ♦❣❧❛s✐❄ ❑♦❧✐❦♦ ❥❡ ❧❛❤❦♦ ♥❛❥✈❡↔❥❛ ❞♦❧➸✐♥❛ str✉♥❡✱ ❞❛ ➨❡ ♥❛st❛♥❡ ♥❛ ♥❥❡❥ st♦❥❡↔❡ ✈❛❧♦✈❛♥❥❡
s ❢r❡❦✈❡♥❝♦ 100 Hz❄

✸✺✳ ◆❡t♦♣✐r ♦❞❞❛❥❛ ③✈♦❦ s ❢r❡❦✈❡♥❝♦ 30 kHz✳ ❑♦ s❡ ♦❞❞❛❧❥✉❥❡ ♦❞ ♠✐r✉❥♦↔❡ ♦✈✐r❡✱ ③❛③♥❛ ③✈♦❦ s
❢r❡❦✈❡♥❝♦ 26 kHz✳ ❙ ❦♦❧✐❦➨♥♦ ❤✐tr♦st❥♦ s❡ ♦❞❞❛❧❥✉❥❡ ♦❞ ♦✈✐r❡❄ ✭❤✐tr♦st ③✈♦❦❛ ✈ ③r❛❦✉ ❥❡ 340 m/s✮✳
✭✰✮◆❛r✐➨✐ ❣r❛❢ ❢r❡❦✈❡♥❝❡✱ ❦✐ ❥♦ ♥❡t♦♣✐r ③❛③♥❛ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ♥❥❡❣♦✈❡ ❤✐tr♦st✐✦

✸✻✳ ◆❡t♦♣✐r ♦❞❞❛❥❛ ③✈♦❦ s ❢r❡❦✈❡♥❝♦ 30 kHz✳ ❑♦ s❡ ♣r✐❜❧✐➸✉❥❡ ♠✐r✉❥♦↔✐ ♦✈✐r✐✱ ③❛③♥❛ ③✈♦❦ s ❢r❡❦✈❡♥❝♦
36 kHz✳ ❙ ❦♦❧✐❦➨♥♦ ❤✐tr♦st❥♦ s❡ ♣r✐❜❧✐➸✉❥❡ ♦✈✐r✐❄ ✭❤✐tr♦st ③✈♦❦❛ ✈ ③r❛❦✉ ❥❡ 340 m/s✮✳ ✭✰✮◆❛r✐➨✐
❣r❛❢ ❢r❡❦✈❡♥❝❡✱ ❦✐ ❥♦ ♥❡t♦♣✐r ③❛③♥❛ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ♥❥❡❣♦✈❡ ❤✐tr♦st✐✦

✸✼✳ ❙✐r❡♥❛ ♥❛ r❡➨✐❧❝✉✱ ❦✐ ✈♦③✐ ❡♥❛❦♦♠❡r♥♦ s ❤✐tr♦st❥♦ 111 km/h ♦❞❞❛❥❛ t♦♥ s ❢r❡❦✈❡♥❝♦ 500 Hz✳
❍✐tr♦st ③✈♦❦❛ ✈ ③r❛❦✉ ❥❡ c = 333 m/s✳ ❑♦❧✐❦➨♥♦ ❢r❡❦✈❡♥❝♦ s❧✐➨✐♠♦✱ ↔❡ st♦❥✐♠♦ ♦❜ ❝❡st✐✱ ❦♦ s❡
r❡➨✐❧❡❝ ➸❡ ♦❞❞❛❧❥✉❥❡❄ ❑♦❧✐❦♦ ❜✐ ♠♦r❛❧❛ ❜✐t✐ ❤✐tr♦st r❡➨✐❧❝❛✱ ❞❛ ❜✐ s❧✐➨❛❧✐ ③❛ ✷✵ ✪ ♠❛♥❥➨♦ ❢r❡❦✈❡♥❝♦
③✈♦❦❛✱ ❦♦t ❥♦ ❧❡ t❛ ♦❞❞❛❥❛❄ ✭✰✮◆❛r✐➨✐ ❣r❛❢ ✈❛❧♦✈♥❡ ❞♦❧➸✐♥❡ ③✈♦❦❛✱ ❦✐ ❣❛ s❧✐➨✐♠♦ ✈ ♦❞✈✐s♥♦st✐ ♦❞
❤✐tr♦st✐ r❡➨✐❧❝❛❄

✸✽✳ ❙✐r❡♥❛ ♥❛ r❡➨✐❧❝✉✱ ❦✐ ✈♦③✐ ❡♥❛❦♦♠❡r♥♦ s ❤✐tr♦st❥♦ ✶✵✵ ❦♠✴❤ ♦❞❞❛❥❛ t♦♥ ③ ✈❛❧♦✈♥♦ ❞♦❧➸✐♥♦ ✼✼✱✼ ❝♠✳
❍✐tr♦st ③✈♦❦❛ ✈ ③r❛❦✉ ❥❡ c = 333m/s✳ ❑♦❧✐❦➨♥❛ ❥❡ ✈❛❧♦✈♥❛ ❞♦❧➸✐♥❛ ③✈♦❦❛✱ ❦✐ ❣❛ s❧✐➨✐♠♦ s❧✐➨✐♠♦✱
↔❡ st♦❥✐♠♦ ♦❜ ❝❡st✐✱ ❦♦ s❡ r❡➨✐❧❡❝ ➸❡ ♦❞❞❛❧❥✉❥❡❄ ❑♦❧✐❦♦ ❜✐ ♠♦r❛❧❛ ❜✐t✐ ❤✐tr♦st r❡➨✐❧❝❛✱ ❞❛ ❜✐ s❧✐➨❛❧✐
③✈♦❦ ③❛ ✷✷✪ ✈❡↔❥♦ ❢r❡❦✈❡♥❝♦✱ ❦♦t ❥♦ ❧❡✲t❛ ♦❞❞❛❥❛❄ ◆❛r✐➨✐ ❣r❛❢ ✈❛❧♦✈♥❡ ❞♦❧➸✐♥❡ ③✈♦❦❛✱ ❦✐ ❣❛
s❧✐➨✐♠♦ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ❤✐tr♦st✐ r❡➨✐❧❝❛❄
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❘♣✿ λ = 0.842 m✱ v = −0.18 c = −60 m/s ✈ t❡♠ ♣r✐♠❡r✉ s❡ r❡➨✐❧❡❝ ♣r✐❜❧✐➸✉❥❡❀ ③❛ ♦❞❞❛❧❥❡✈❛♥❥❡
♠♦r❛♠♦ ♥❛r✐s❛t✐ ❣r❛❢ λ = λo(1 + v

c )✱ ❦✐ ❥❡ ♥❛r❛➨↔❛❥♦↔❛ ♣r❡♠✐❝❛ ③ ♦❞s❡❦♦♠ ♥❛ ♦r❞✐♥❛t✐ ♣r✐
0.777 m ✐♥ ♦❞s❡❦♦♠ ♥❛ ❛❜s❝✐s✐ ♣r✐ −333 m/s

✸✾✳ ❙✐r❡♥❛ ♥❛ ✈❧❛❦✉✱ ❦✐ ✈♦③✐ ❡♥❛❦♦♠❡r♥♦ s ❤✐tr♦st❥♦ 85 km/h ♦❞❞❛❥❛ t♦♥ s ❢r❡❦✈❡♥❝♦ 500 Hz✳ ❍✐tr♦st
③✈♦❦❛ ✈ ③r❛❦✉ ❥❡ c = 340m/s ❑♦❧✐❦➨♥♦ ❢r❡❦✈❡♥❝♦ s❧✐➨✐♠♦✱ ↔❡ st♦❥✐♠♦ ♦❜ t✐r✉ ♣r❡❞ ♣r✐❤♦❞♦♠
✈❧❛❦❛❄ ❑♦❧✐❦♦ ❜✐ ♠♦r❛❧❛ ❜✐t✐ ❤✐tr♦st ✈❧❛❦❛✱ ❞❛ ❜✐ s❧✐➨❛❧✐ ③❛ ✶✵ ✪ ✈❡↔❥♦ ❢r❡❦✈❡♥❝♦ ③✈♦❦❛✱ ❦♦t ❥♦ ❧❡
t❛ ♦❞❞❛❥❛❄ ✭✰✮◆❛r✐➨✐ ❣r❛❢ ✈❛❧♦✈♥❡ ❞♦❧➸✐♥❡ ③✈♦❦❛✱ ❦✐ ❣❛ s❧✐➨✐♠♦ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ❤✐tr♦st✐ ✈❧❛❦❛❄

✼✳✷ ♦♣t✐❦❛

✶✳ ❙✈❡t❧♦❜❛ ♣❛❞❡ ✐③ st❡❦❧❛ ✈ ③r❛❦ ♣♦❞ ✈♣❛❞♥✐♠ ❦♦t♦♠ 57◦✳ ❱ ❦❛t❡r✐ s♠❡r✐ s❡ ➨✐r✐ ✈ ③r❛❦✉❄

❘♣✿ st❡❦❧♦ n1 = 1.5 ✭♦❞✈✐s♥♦ ♦❞ ✈rst❡ st❡❦❧❛✮ ↔❡ ❥❡ st❡❦❧♦ ♦♣t✐↔♥♦ ❣♦st❡❥➨❡ ♣♦t❡♠ ✐♠❛ ✈❡↔❥✐ ♥✳
◆❛❥✈❡↔❥✐ n ✐♠❛ ♦❞ ♥❛r❛✈♥✐❤ s♥♦✈✐ ❞✐❛♠❛♥t✳ ✳ ✳ ✐ t❤✐♥❦
③r❛❦ n2 = 1 ✭✐st♦ ❦♦t ✈ ✈❛❦✉✉♠✉✮
α = 57◦

sin α
sin β = n2

n1

β = arcsin(sinα · n1)

β = arcsin(sin(57 · 1.5)

β ❂❂ ❤♠♠ ❤❡❝♥♦ ♥❡ ❣r❡ ❦❡r ❥❡ ❦♦t ✈❡↔❥✐ ❦ ✾✵ st♦♣✐♥❥✱ ♦③✐r♦♠❛ arcsin x✳✳ ❦♦ ❥❡ x > 1 s❡ ♥❡
❞❛ ③r❛↔✉♥❛t✐✳
■③ t❡❣❛ ❧❛❤❦♦ s❦❧❡♣❛♠♦ ❞❛ t✉❦❛❥ s✈❡t❧♦❜❛ s♣❧♦❤ ♥❡ ♣r✐❞❡ ✐③ st❡❦❧❛ ✈ ③r❛❦ ❛♠♣❛❦ s❡ ♦❞❜✐❥❡
♥❛③❛❥✳ ❩❣♦❞✐ s❡ P❖P❖▲◆ ❖❉❇❖❏✦✦✦✦
❦♦t ♣♦❞ ❦❛t❡r✐♠ s❡ ♦❞❜✐❥❡ ♥❛③❛❥✿
57◦

✷✳ ❙✈❡t❧♦❜❛ ♣❛❞❡ ✐③ ✈♦❞❡ ✈ ③r❛❦ ♣♦❞ ✈♣❛❞♥✐♠ ❦♦t♦♠ 57◦✳ ❱ ❦❛t❡r✐ s♠❡r✐ s❡ ➨✐r✐ ✈ ③r❛❦✉❄

❘♣✿ st❡❦❧♦ n1 = 1.3

③r❛❦ n2 = 1 ✭✐st♦ ❦♦t ✈ ✈❛❦✉✉♠✉✮
α = 57◦

sin α

sin β
=

n2

n1

β = arcsin(sinα · n1)

β = arcsin(sin(57 · 1.3)

β == ❤♠♠ ❤❡❝♥♦ ♥❡ ❣r❡ ❦❡r ❥❡ ❦♦t ✈❡↔❥✐ ❦ ✾✵ st♦♣✐♥❥✱ ♦③✐r♦♠❛ arcsin x ✳✳ ❦♦ ❥❡ x > 1 s❡
♥❡ ❞❛ ③r❛↔✉♥❛t✐✳
❚♦r❡❥ s❡ s✈❡t❧♦❜❛ ♦❞❜✐❥❡ ♥❛③❛❥ ✈ ✈♦❞♦✱ ♣♦❞ ✐st✐♠ ❦♦t♦♠ ❦♦t ❥❡ ③❛❞❡❧❛ ✈♦❞♥♦ ❣❧❛❞✐♥♦✳ ❩❣♦❞✐
s❡ P❖P❖▲◆ ❖❉❇❖❏✳

✸✳ ❙✈❡t❧♦❜♥✐ ➸❛r❡❦ ♣❛❞❡ ✐③ ③r❛❦❛ ♥❛ st❡❦❧❡♥♦ ♣❧♦➨↔♦ ♣♦❞ ✈♣❛❞♥✐♠ ❦♦t♦♠ 55◦✳ ❱ ❦❛t❡r✐ s♠❡r✐ s❡
❣✐❜❧❥❡ s❦♦③✐ st❡❦❧♦❄

❘♣✿ n1 = 1 ✭③r❛❦✮
n2 = 1, 5 ✭♦❞✈✐s♥♦ ♦❞ t✐♣❛ st❡❦❧❛✮
α = 55◦

sin α
sin β = n2

n1

β = arcsin(sinα · n1

n2

)

β = arcsin(sin(57/1.5)

β = 33◦

P❛③✐✦ ❑♦t β ♠♦r❛ ❜✐t✐ ♠❛♥❥➨✐ ♦❞ ❛❧❢❛ ❦♦ ❣r❡ ➸❛r❡❦ ✐③ ♦♣t✐↔♥♦ r❡❞❦❡❥➨❡ ✈ ♦♣t✐↔♥♦ ❣♦st❡❥➨♦
s♥♦✈✳

✹✳ ❙✈❡t❧♦❜❛ ♣❛❞❡ ✐③ ③r❛❦❛ ✈ st❡❦❧♦ ♣♦❞ ✈♣❛❞♥✐♠ ❦♦t♦♠ 30◦✳ P♦t❡♠ ♣❛ ✐③ st❡❦❧❛ ✈ ♦❧❥❡✳ P♦❞ ❦❛t❡r✐♠
❦♦t♦♠ s❡ ➨✐r✐ ✈ ♦❧❥✉❄
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❘♣✿ ◆❛❥♣r❡❥ ✐③r❛↔✉♥❛➨ ❦♦❧✐❦♦ ❥❡ ❦♦t ✈ st❡❦❧✉✿
♥ ♥❛♠ ♣♦✈❡ ❦♦❧✐❦♦❦r❛t ♣♦↔❛s♥❡❥❡ s❡ ➨✐r✐ s✈❡t❧♦❜❛ ✈ ❳ s♥♦✈✐ ❦♦t ✈ ③r❛❦✉✳
n1 = 1 ✭③r❛❦✮
n2 = 1.5 ✭st❡❦❧♦✮
α = 30◦

sin α
sin β = n2

n1

β = arcsin

(

sin α

n2

)

= arcsin

(

sin 30◦

1.5

)

= 19◦

P♦t❡♠ ♣❛ ➨❡ ✈ ♦❧❥✉✿
✭❤♠♠ ❤❡❝♥♦ ③❛ ③❞❡❥ s❡ ♥❡ ✈❡♠ ❧♦♠♥❡❣❛ ❦♦❧✐↔♥✐❦❛ ♦❧❥❛ ❜♦♠ r❡➨✐❧ ❦♦ ❣❛ ❞♦❜✐♠✳ ✳ ✳ ❧❛❤❦♦ ♣❛
❦❞♦ ❞r✉❣ ♥❛❞❛❧❥✉❥❡✳ ■♥ ♠② ❞r❡❛♠s✦✧✮

✺✳ ❙ s♥♦♣♦♠ s✈❡t❧♦❜❡ ♣♦s✈❡t✐♠♦ ♥❛ ♣❧❛st ♣❧❡❦s✐ st❡❦❧❛ ③ ❞❡❜❡❧✐♥♦ 1 cm✳ ❱♣❛❞♥✐ ❦♦t s♥♦♣❛ s✈❡t❧♦❜❡
❥❡ 85◦✳ ❙❦✐❝✐r❛❥ ♣♦t s♥♦♣❛ s✈❡t❧♦❜❡ s❦♦③✐ ♣❧❛st st❡❦❧❛✦ ❑♦❧✐❦♦ ❥❡ ❧♦♠♥✐ ❦♦t ✈ st❡❦❧✉❄ ❩❛ ❦♦❧✐❦♦
❝❡♥t✐♠❡tr♦✈ ❥❡ s♥♦♣ s✈❡t❧♦❜❡ ③❛♠❛❦♥❥❡♥ ♦❞ ♣r✈♦t♥❡ s♠❡r✐✱ ❦♦ ♣r✐❞❡ ♥❛ ❞r✉❣✐ str❛♥✐ ✐③ st❡❦❧❛❄
▲♦♠♥✐ ❦♦❧✐↔♥✐❦ ♣❧❡❦s✐ st❡❦❧❛ npleksi steklo = 1, 3✳

❘♣✿

α

β
β

α
x

y

❙❧✐❦❛ ✸✺✿ ▲♦♠ s✈❡t❧♦❜❡ ♥❛ ♣❧❛st✐ st❡❦❧❛✳

P♦t s✈❡t❧♦❜❡ s❦♦③✐ ♣❧❛st s♥♦✈✐ ✭✈ t❡♠ ♣r✐♠❡r✉ ♣❧❡❦s✐ st❡❦❧❛✮ ❥❡ ♣r✐❦❛③❛♥❛ ♥❛ s❧✐❦✐ ✸✺✳ ❱♣❛❞♥✐
❦♦t α ✐♥ ❧♦♠♥✐ ❦♦t β ♣♦✈❡③✉❥❡ ❧♦♠♥✐ ❛❧✐ ❙♥❡❧❧♦✈ ③❛❦♦♥✱ ✐③ ❦❛t❡r❡❣❛ ③❧❛❤❦❛ ✐③r❛↔✉♥❛♠♦ ❧♦♠♥✐
❦♦t ✭♣r✐ t❡♠ ♣r✐✈③❛♠❡♠♦✱ ❞❛ ❥❡ ❧♦♠♥✐ ❦♦❧✐↔♥✐❦ ③❛ ③r❛❦ ❡♥❛❦ ❡♥❛✱ ↔❡♣r❛✈ ❥❡ ✶✱✵✵✵✷✾✮✿

sin α

sin β
= npleksi steklo → sin β =

sin α

n
⇒ β = 50, 02◦

❱♣r❛➨❛♥❥❡ ♦ ③❛♠❛❦♥❥❡♥♦st✐ s♥♦♣❛ s✈❡t❧♦❜❡ ❥❡ ♥❡❦♦❧✐❦♦ ❞✈♦✉♠♥♦✳ ◆✐ ♠✐ ❥❛s♥♦✱ ❛❧✐ ❥❡ ♣♦✲
tr❡❜♥♦ ✐③r❛↔✉♥❛t✐✱ ❦♦❧✐❦♦ ❥❡ t♦↔❦❛ ✐③st♦♣❛ s♥♦♣❛ ✐③ st❡❦❧❛ ♣r❡♠❛❦♥❥❡♥❛ ❣❧❡❞❡ ♥❛ ♣r✈♦t♥♦
s♠❡r✱ ❦❛r s❡♠ ♦③♥❛↔✐❧ ③ y✱ ❛❧✐ ♣❛ ♥❛❥ ❜✐ ✐③r❛↔✉♥❛❧✱ ❦♦❧✐❦♦ ❥❡ ❧♦♠♥❧❥❡♥✐ s♥♦♣ ♣r❡♠❛❦♥❥❡♥ ♦❞
♣r✈♦t♥❡ s♠❡r✐✱ ❦❛r s❡♠ ♦③♥❛↔✐❧ ③ x✳ ❱ ♣r✈❡♠ ♣r✐♠❡r✉ ❥❡ ♦↔✐t♥♦✿

y = d(tanα − tanβ) = 10, 2 cm

❱ ❞r✉❣❡♠ ♣r✐♠❡r✉ ❥❡ ♠❛❧♦ ✈❡↔ r❛↔✉♥❛♥❥❛✳ ❷❡ ③ l ♦③♥❛↔✐♠ ❞♦❧➸✐♥♦ ♣♦t✐ s✈❡t❧♦❜❡ s❦♦③✐ ♣❧❛st✱
♣♦t❡♠ ✈❡❧❥❛✿

x = l sin(α − β) ✐♥ l =
d

cos β

❡❧✐♠✐♥✐r❛♠ l ✐♥ ✉❣♦t♦✈✐♠✿

x =
d sin(α − β)

cos β
= 0, 892 cm

✻✳ ❙ s♥♦♣♦♠ s✈❡t❧♦❜❡ ♣♦s✈❡t✐♠♦ ♥❛ ♣❧❛st st❡❦❧❛ ③ ❞❡❜❡❧✐♥♦ 1 cm✳ ❱♣❛❞♥✐ ❦♦t s♥♦♣❛ s✈❡t❧♦❜❡ ❥❡
75◦✳ ❙❦✐❝✐r❛❥ ♣♦t s♥♦♣❛ s✈❡t❧♦❜❡ s❦♦③✐ ♣❧❛st st❡❦❧❛✦ ❑♦❧✐❦♦ ❥❡ ❧♦♠♥✐ ❦♦t ✈ st❡❦❧✉❄ ❩❛ ❦♦❧✐❦♦
❝❡♥t✐♠❡tr♦✈ ❥❡ s♥♦♣ s✈❡t❧♦❜❡ ③❛♠❛❦♥❥❡♥ ♦❞ ♣r✈♦t♥❡ s♠❡r✐✱ ❦♦ ♣r✐❞❡ ♥❛ ❞r✉❣✐ str❛♥✐ ✐③ st❡❦❧❛❄
▲♦♠♥✐ ❦♦❧✐↔♥✐❦ ♣❧❡❦s✐ st❡❦❧❛ nsteklo = 1, 5✳
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❘♣✿ β = 40, 09◦✱ y = 2, 89 cm✱ x = 0, 75 cm

✼✳ ❙ s♥♦♣♦♠ s✈❡t❧♦❜❡ ♣♦s✈❡t✐♠♦ ♥❛ ♣❧❛st ♣❧❡❦s✐ st❡❦❧❛ ③ ❞❡❜❡❧✐♥♦ 0, 75 cm✳ ❙✈❡t❧♦❜❛ s❡ ❞✈❛❦r❛t
❧♦♠✐✳ ❱♣❛❞♥✐ ❦♦t s♥♦♣❛ s✈❡t❧♦❜❡ ❥❡ 57◦✳ ❱ ❦❛t❡r✐ s♠❡r✐ s❡ ➨✐r✐ s✈❡t❧♦❜❛ ✈ ♣❧❡❦s✐ st❡❦❧✉ ✐♥ ✈ ❦❛t❡r✐
s♠❡r✐✱ ❦♦ ♣r✐❞❡ ✐③ ♣❧❡❦s✐ st❡❦❧❛❄ ◆❛r✐➨✐ s❦✐❝♦✦ ▲♦♠♥✐ ❦♦❧✐↔♥✐❦ ♣❧❡❦s✐ st❡❦❧❛ npleksisteklo = 1, 3✳

✽✳ ❙ s♥♦♣♦♠ s✈❡t❧♦❜❡ ♣♦s✈❡t✐♠♦ ♥❛ ♣❧❛st st❡❦❧❛ ③ ❞❡❜❡❧✐♥♦ 0, 5 cm✳ ❙✈❡t❧♦❜❛ s❡ ❞✈❛❦r❛t ❧♦♠✐✳
❱♣❛❞♥✐ ❦♦t s♥♦♣❛ s✈❡t❧♦❜❡ ❥❡ 57◦✳ ❱ ❦❛t❡r✐ s♠❡r✐ s❡ ➨✐r✐ s✈❡t❧♦❜❛ ✈ st❡❦❧✉ ✐♥ ✈ ❦❛t❡r✐ s♠❡r✐✱ ❦♦
♣r✐❞❡ ✐③ st❡❦❧❛❄ ◆❛r✐➨✐ s❦✐❝♦✦ ▲♦♠♥✐ ❦♦❧✐↔♥✐❦ st❡❦❧❛ nsteklo = 1, 5✳

✾✳ ❉❛ ❜✐ ❞♦❧♦↔✐❧✐ ❧♦♠♥✐ ❦♦❧✐↔♥✐❦ ♣r♦③♦r♥❡ ♣❧♦➨↔❡ s♠♦ ♠❡r✐❧✐ ✈♣❛❞♥✐ ✐♥ ❧♦♠♥✐ ❦♦t✳ ▼❡r✐t✈❡✱ ❦✐ s♠♦
❥✐❤ ❞♦❜✐❧✐ s♦ ♣♦❞❛♥❡ ✈ t❛❜❡❧✐✳

α[◦] ✶✶✱✸ ✷✷✱✽ ✸✹✱✽ ✹✻✱✸ ✺✼✱✶ ✻✽✱✻ ✽✶✱✷
β[◦] ✼✱✺ ✶✺✱✶ ✷✷✱✺ ✸✶✱✶ ✸✸✱✾ ✹✵✱✾ ✹✸✱✽

◆❛r✐➨✐ ❣r❛❢ s✐♥✉s❛ ❧♦♠♥❡❣❛ ❦♦t❛ ✈ ♦❞✈✐s♥♦st✐ ♦❞ s✐♥✉s❛ ✈♣❛❞♥❡❣❛ ❦♦t❛ ❬ sin β(sinα) ❪✦ ❑♦❧✐❦♦
st❛ ❧♦♠♥✐ ❦♦❧✐↔♥✐❦ t❡ s♥♦✈✐ ✐♥ ♠❡❥♥✐ ❦♦t❄

✶✵✳ ❉❛ ❜✐ ❞♦❧♦↔✐❧✐ ❧♦♠♥✐ ❦♦❧✐↔♥✐❦ ♣r♦③♦r♥❡ ❦❛♣❧❥❡✈✐♥❡ s♠♦ ♠❡r✐❧✐ ✈♣❛❞♥✐ ✐♥ ❧♦♠♥✐ ❦♦t✳ ▼❡r✐t✈❡✱ ❦✐
s♠♦ ❥✐❤ ❞♦❜✐❧✐ s♦ ♣♦❞❛♥❡ ✈ t❛❜❡❧✐✳

α[◦] ✶✶✱✸ ✷✷✱✾ ✸✹✱✸ ✹✺✱✹ ✺✻✱✹ ✻✽✱✸ ✼✾✱✾
β[◦] ✾✱✷ ✶✽✱✻ ✷✼✱✽ ✸✻✱✶ ✹✹✱✶ ✹✻✱✾ ✺✸✱✽

◆❛r✐➨✐ ❣r❛❢ s✐♥✉s❛ ✈♣❛❞♥❡❣❛ ❦♦t❛ ✈ ♦❞✈✐s♥♦st✐ ♦❞ s✐♥✉s❛ ❧♦♠♥❡❣❛ ❦♦t❛ ❬ sin α(sinβ) ❪✦ ❑♦❧✐❦♦
st❛ ❧♦♠♥✐ ❦♦❧✐↔♥✐❦ t❡ s♥♦✈✐ ✐♥ ♠❡❥♥✐ ❦♦t❄

✶✶✳ ❙ s♥♦♣♦♠ s✈❡t❧♦❜❡ ♣♦s✈❡t✐♠♦ ♥❛ ♣❛r❛❧❡❧♥♦ ♣❧❛st st❡❦❧❛ ③ ❞❡❜❡❧✐♥♦ 0, 5 cm✳ ❙✈❡t❧♦❜❛ s❡ ❞✈❛❦r❛t
❧♦♠✐✳ ❱♣❛❞♥✐ ❦♦t s♥♦♣❛ s✈❡t❧♦❜❡ ❥❡ 57◦✳ ❱ ❦❛t❡r✐ s♠❡r✐ s❡ ➨✐r✐ s✈❡t❧♦❜❛ ✈ st❡❦❧✉ ✐♥ ✈ ❦❛t❡r✐ s♠❡r✐✱
❦♦ ♣r✐❞❡ ✐③ st❡❦❧❛❄ ◆❛r✐➨✐ s❦✐❝♦ ✐♥ ♥❛ ♥❥❡❥ ♦③♥❛↔✐ ✈s❡ ❦♦t❡✦ ▲♦♠♥✐ ❦♦❧✐↔♥✐❦ st❡❦❧❛ nsteklo = 1, 5✳

✶✷✳ ❙ s♥♦♣♦♠ s✈❡t❧♦❜❡ ♣♦s✈❡t✐♠♦ ♥❛ ♣❛r❛❧❡❧♥♦ ♣❧❛st st❡❦❧❛ ③ ❞❡❜❡❧✐♥♦ 0, 5 cm✳ ❙✈❡t❧♦❜❛ s❡ ❞✈❛❦r❛t
❧♦♠✐✳ ❱♣❛❞♥✐ ❦♦t s♥♦♣❛ s✈❡t❧♦❜❡ ❥❡ 57◦✳ ❱ ❦❛t❡r✐ s♠❡r✐ s❡ ➨✐r✐ s✈❡t❧♦❜❛ ✈ st❡❦❧✉ ✐♥ ✈ ❦❛t❡r✐ s♠❡r✐✱
❦♦ ♣r✐❞❡ ✐③ st❡❦❧❛❄ ◆❛r✐➨✐ s❦✐❝♦ ✐♥ ♥❛ ♥❥❡❥ ♦③♥❛↔✐ ✈s❡ ❦♦t❡✦ ▲♦♠♥✐ ❦♦❧✐↔♥✐❦ st❡❦❧❛ nsteklo = 1, 5✳
✭✰✮◆❛r✐➨✐ t❡r ♦③♥❛↔✐ ❣r❛❢ ✈♣❛❞♥❡❣❛ ❦♦t❛ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ❧♦♠♥❡❣❛ ❦♦t❛✦ ❑❥❡ ♥❛ ❣r❛❢✉ s❡ s❦r✐✈❛
♠❡❥♥✐ ❦♦t❄

✶✸✳ ❙ s♥♦♣♦♠ s✈❡t❧♦❜❡ ♣♦s✈❡t✐♠♦ ♥❛ ♣❛r❛❧❡❧♥♦ ♣❧❛st ♣❧❡❦s✐ st❡❦❧❛ ③ ❞❡❜❡❧✐♥♦ 0, 75 cm✳ ❙✈❡t❧♦❜❛ s❡
❞✈❛❦r❛t ❧♦♠✐✳ ❱♣❛❞♥✐ ❦♦t s♥♦♣❛ s✈❡t❧♦❜❡ ❥❡ 57◦✳ ❱ ❦❛t❡r✐ s♠❡r✐ s❡ ➨✐r✐ s✈❡t❧♦❜❛ ✈ ♣❧❡❦s✐ st❡❦❧✉ ✐♥
✈ ❦❛t❡r✐ s♠❡r✐✱ ❦♦ ♣r✐❞❡ ✐③ ♣❧❡❦s✐ st❡❦❧❛❄ ◆❛r✐➨✐ s❦✐❝♦ ✐♥ ♥❛ ♥❥❡❥ ♦③♥❛↔✐ ✈s❡ ❦♦t❡✦ ▲♦♠♥✐ ❦♦❧✐↔♥✐❦
♣❧❡❦s✐ st❡❦❧❛ npleksi steklo = 1, 3✳ ✭✰✮◆❛r✐➨✐ t❡r ♦③♥❛↔✐ ❣r❛❢ ❧♦♠♥❡❣❛ ❦♦t❛ ✈ ♦❞✈✐s♥♦st✐ ♦❞
✈♣❛❞♥❡❣❛ ❦♦t❛✦ ❑❥❡ ♥❛ ❣r❛❢✉ s❡ s❦r✐✈❛ ♠❡❥♥✐ ❦♦t❄

✶✹✳ ❚❛♥❡❦ ❝✉r❡❦ ❜❡❧❡ s✈❡t❧♦❜❡ ♣❛❞❛ ♥❛ ♣r✐③♠♦ ✐♥ t❛ ❣❛ r❛③❦❧♦♥✐ ✈ ♠❛✈r✐❝♦✳ ▲♦♠♥✐ ❦♦❧✐↔♥✐❦ r❞❡↔❡
s✈❡t❧♦❜❡ ❥❡ ✶✱✺✵ ✈✐❥♦❧✐↔♥❡ ♣❛ ✶✱✺✸✳ ❑♦t ♣r✐③♠❡ α = 10◦✳ ▼❛✈r✐❝♦ ♦♣❛③✉❥❡♠♦ ♥❛ d = 300 cm
♦❞❞❛❧❥❡♥❡♠ ③❛s❧♦♥✉✳ ❑♦❧✐❦➨♥❛ ❥❡ ✈✐➨✐♥❛ ♠❛✈r✐❝❡ y ♥❛ ③❛s❧♦♥✉❄ ❙❧✐❦❛ ♥✐ ♥❛r✐s❛♥❛ ✈ ♠❡r✐❧✉✦
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✶✺✳ ❚❛♥❡❦ ❝✉r❡❦ ❜❡❧❡ s✈❡t❧♦❜❡ ♣❛❞❛ ♥❛ ♣r✐③♠♦ ✐♥ t❛ ❣❛ r❛③❦❧♦♥✐ ✈ ♠❛✈r✐❝♦✳ ▲♦♠♥✐ ❦♦❧✐↔♥✐❦ r❞❡↔❡
s✈❡t❧♦❜❡ ❥❡ ✶✱✺✵ ✈✐❥♦❧✐↔♥❡ ♣❛ ✶✱✺✸✳ ❑♦t ♣r✐③♠❡ α = 20◦✳ ▼❛✈r✐❝♦ ♦♣❛③✉❥❡♠♦ ♥❛ d = 200 cm
♦❞❞❛❧❥❡♥❡♠ ③❛s❧♦♥✉✳ ❑♦❧✐❦➨♥❛ ❥❡ ✈✐➨✐♥❛ ♠❛✈r✐❝❡ y ♥❛ ③❛s❧♦♥✉❄ ❙❧✐❦❛ ♥✐ ♥❛r✐s❛♥❛ ✈ ♠❡r✐❧✉✦
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✶✻✳ ❚❛♥❡❦ s♥♦♣ r❞❡↔❡ s✈❡t❧♦❜❡ ♣❛❞❛ ♥❛ st❡❦❧❡♥♦ ♣r✐③♠♦✱ ❦♦t ❦❛➸❡ s❧✐❦❛✳ Pr✐③♠❛ ✐♠❛ ③❛ ♦s♥♦✈♥♦
♣❧♦s❦❡✈ ❡♥❛❦♦❦r❛❦✐ tr✐❦♦t♥✐❦ s ❦♦t♦♠ ✈ ✈r❤✉ γ = 30◦✳ ▲♦♠♥✐ ❦♦❧✐↔♥✐❦ r❞❡↔❡ s✈❡t❧♦❜❡ ✈ st❡❦❧✉
❥❡ n = 1, 50✳ ❩❛ ❦♦❧✐❦➨❡♥ ❦♦t δ s❡ s✈❡t❧♦❜❛ ♦❞❦❧♦♥✐ ♦❞ ♣r✈♦t♥❡ s♠❡r✐ ♣♦ ♣r❡❤♦❞✉ s❦♦③✐ ♣r✐③♠♦❄

γ

δ

✶✼✳ ◆❛ ✉❦❧♦♥s❦♦ ♠r❡➸✐❝♦ ③ ♠r❡➸♥♦ ❦♦♥st❛♥t♦ 500 rež/mm ♣♦s✈❡t✐♠♦ ③ ❧❛s❡r❥❡♠✱ ❦✐ ♦❞❞❛❥❛ s✈❡t❧♦❜♦
③ ✈❛❧♦✈♥♦ ❞♦❧➸✐♥♦ 630 nm✳ ❱ ❦❛t❡r✐❤ s♠❡r❡❤ ❞♦❜✐♠♦ ♣❛s♦✈❡ ♦s❧❛❜✐t✈❡ ✐♥ ❦♦❧✐❦♦ ❥✐❤ ❥❡❄

❘♣✿

sin β =
n · λ

d

1 =
n · λ

d

n =
d

λ

n =
2 · 10−6 m

630 · 10−9 m
= 3, 17

✳ ✳ ✳ t♦r❡❥ ✼ ♣❛s♦✈✳ ❱ ✈s❛❦♦ str❛♥ ✸ ✰ sr❡❞✐➨↔♥✐✱ ♣r✐ ❦❛t❡r❡♠ ❥❡ n = 0✳
P❛s♦✈✐ ♦s❧❛❜✐t✈❡ s♦ ♠❡❞ ♣❛s♦✈✐ ♦❥❛↔✐t✈❡✳ ❚♦r❡❥ ❥✐❤ ❥❡ ✽✳
❙♠❡r❂❄
s♠❡r ❞♦❧♦↔✐➨ s ♣♦❣♦❥❡♠ ♦s❧❛❜✐t✈❡✿ d sin β = λ(2n − 1) ✐♥ ✐③r❛↔✉♥❛➨ ❦♦t β

✶✽✳ ◆❛ ✉❦❧♦♥s❦♦ ♠r❡➸✐❝♦ ③ ♠r❡➸♥♦ ❦♦♥st❛♥t♦ ✹✵✵ r❡➸ ♥❛ ♠✐❧✐♠❡t❡r ♣♦s✈❡t✐♠♦ ③ ❧❛s❡r❥❡♠✱ ❦✐ ♦❞❞❛❥❛
s✈❡t❧♦❜♦ ③ ✈❛❧♦✈♥♦ ❞♦❧➸✐♥♦ 450 nm✳ ❱ ❦❛t❡r✐❤ s♠❡r❡❤ ❞♦❜✐♠♦ ♣❛s♦✈❡ ♦❥❛↔❡♥❥❛ ✐♥ ❦♦❧✐❦♦ ❥✐❤ ❥❡❄
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✶✾✳ ◆❛ ✉❦❧♦♥s❦♦ ♠r❡➸✐❝♦ ③ ♠r❡➸♥♦ ❦♦♥st❛♥t♦ ✹✼✵ r❡➸ ♥❛ ♠✐❧✐♠❡t❡r ♣♦s✈❡t✐♠♦ ③ ❧❛s❡r❥❡♠✱ ❦✐ ♦❞❞❛❥❛
s✈❡t❧♦❜♦ ③ ✈❛❧♦✈♥♦ ❞♦❧➸✐♥♦ 450 nm✳ ❩❛s❧♦♥ ❥❡ ♦❞ ✉❦❧♦♥s❦❡ ♠r❡➸✐❝❡ ♦❞❞❛❧❥❡♥ 2 m✳ ❑♦❧✐❦♦ ❥❡ ♥❛
③❛s❧♦♥✉ r❛③❞❛❧❥❛ ♠❡❞ ♦❜❡♠❛ tr❡t❥✐♠❛ ♣❛s♦✈♦♠❛ ♦❥❛↔❡♥❥❛❄

❘♣✿ ■③ ♣♦❣♦❥❛ ♦❥❛↔❡♥❥❛ Nλ = d sin β ✐③r❛③✐♠♦ ❦♦t β✿

sin β =
Nλ

d
=

3 · 450 nm
1 mm
470

= 0, 63 → β = 39, 38◦

♥❛t♦ ✐③r❛↔✉♥❛♠♦ r❛③❞❛❧❥♦ ♠❡❞ ♥✐↔t✐♠ ✐♥ tr❡t❥✐♠ ♣❛s♦♠ ♦❥❛↔❡♥❥❛✿

a = l tanβ = 1, 64 m

✉❣♦t♦✈✐♠♦✱ ❞❛ ❥❡ r❛③❞❛❧❥❛ ♠❡❞ ♦❜❡♠❛ tr❡t❥✐♠❛ ♣❛s♦✈♦♠❛ ♦❥❛↔❡♥❥❛ ❞✈❛❦r❛t ✈❡↔❥❛✿ 2a =
3, 28 m✳

✷✵✳ ◆❛ ✉❦❧♦♥s❦♦ ♠r❡➸✐❝♦ ③ ♠r❡➸♥♦ ❦♦♥st❛♥t♦ ✺✼✵ r❡➸ ♥❛ ♠✐❧✐♠❡t❡r ♣♦s✈❡t✐♠♦ ③ ❧❛s❡r❥❡♠✱ ❦✐ ♦❞❞❛❥❛
s✈❡t❧♦❜♦ ③ ✈❛❧♦✈♥♦ ❞♦❧➸✐♥♦ 540 nm✳ ❩❛s❧♦♥ ❥❡ ♦❞ ✉❦❧♦♥s❦❡ ♠r❡➸✐❝❡ ♦❞❞❛❧❥❡♥ 2 m✳ ❑♦❧✐❦♦ ❥❡ ♥❛
③❛s❧♦♥✉ r❛③❞❛❧❥❛ ♠❡❞ ♦❜❡♠❛ ❞r✉❣✐♠❛ ♣❛s♦✈♦♠❛ ♦❥❛↔❡♥❥❛❄

❘♣✿ β = 37, 996◦✱ a = 1, 56 m ✐♥ 2a = 3, 12 m

✷✶✳ ❩ ❞✐❛♣r♦❥❡❦t♦r❥❡♠ ♣♦s✈❡t✐♠♦ ♥❛ ✉❦❧♦♥s❦♦ ♠r❡➸✐❝♦ ③ ♠r❡➸♥♦ ❦♦♥st❛♥t♦ ✸✵✵ r❡➸ ♥❛ ♠✐❧✐♠❡t❡r✳
❘❞❡↔❛ ❜❛r✈❛ ③ ✈❛❧♦✈♥♦ ❞♦❧➸✐♥♦ 750 nm ❥❡ 30 cm ♦❞❞❛❧❥❡♥❛ ♦❞ ♥✐↔t❡❣❛ ♣❛s✉ ♦❥❛↔❡♥❥❛✳ ❑❛t❡r❛
❜❛r✈❛ ❥❡ 25 cm ♦❞❞❛❧❥❡♥❛ ♦❞ ♥✐↔t❡❣❛ ♣❛s✉ ♦❥❛↔❡♥❥❛❄

❘♣✿ a1 = 25 cm✱ a2 = 30 cm

❁❛ ❤r❡❢❂✧❤tt♣✿✴✴✇✇✇✷✳❛r♥❡s✳s✐✴⑦♦s❦r③r✷✴❚✐♠❦♦✷✵✵✷❴✵✸✴❇❛r✈❡✴ ❭

♦r❣❛♥s❦❛❭✪✷✵❜❛r✈✐❧❛✳❤t♠✧❃❚✉❦❛❥ ♥❛❥❞❡t❡ ❜❛r✈❡ ✈❛❧♦✈♥✐❤ ❞♦❧➸✐♥❁✴❛❃

♣♦③♥❛♠ ♣♦❣♦❥ ♦❥❛↔❡♥❥❛✿ nλ = d sin ϕ = a·d
l ❱❡♠♦ ❞❛ ❥❡ ❞♦❧➸✐♥❛ l ♦❞ sr❡❞✐♥❡ ❞✈❡❤ ✐③✈✐r♦✈

♥❛ ♠r❡➸✐❝✐ ❞♦ n = 0✱ ❦❥❡r s❡ ♣r♦❥✐❝✐r❛ s✈❡t❧♦❜❛ ❡♥❛❦❛ ♣r✐ ♦❜❡❤ ♣r✐♠❡r✐❤✿
l1 = l2

a1 · d
n · λ1

=
a2 · d
n · λ2

λ2 =
a2 · λ1

a1
=

0.25 m · 750 · 10−9 m

0.3 m
= 625 nm

❇❛r✈❛ ❥❡ t♦r❡❥ ➨❡ ✈❡❞♥♦ r❞❡↔❛✱ ✈❡♥❞❛r ❜♦❧❥ ➸✐✈♦ r❞❡↔❛✳

✷✷✳ ❑♦❧✐❦♦ ♠♦r❛ ❜✐t✐ ♠r❡➸♥❛ ❦♦♥st❛♥t❛ ✉❦❧♦♥s❦❡ ♠r❡➸✐❝❡✱ ❞❛ ❜♦st❛ ↔rt✐ ♥❛tr✐❥❡✈❡❣❛ ❞✉❜❧❡t❛ ♥❛ 1 m
♦❞❞❛❧❥❡♥❡♠ ③❛s❧♦♥✉ r❛③♠❛❦♥❥❡♥✐ 1 cm ✈ ♣r✈❡♠ ♣❛s✉ ♦❥❛↔❡♥❥❛❄ ✭λ1 = 589, 0 nmλ2 = 589, 6 nm✮

❘♣✿ ❣rr✳✳ t♦ s❡ ♣❛ ③❣♦❞✐ ↔❡ ♣rt✐s♥❡➨ r❡s❡t✳ ❆ ❧❛❤❦♦ ❦❞♦ ❞❛ str❛♥ t❛ s♠♦t❛♥ ❣✉♠❜✳ ❧♦❧

✷✸✳ ◆❛ ✉❦❧♦♥s❦♦ ♠r❡➸✐❝♦ ③ ♠r❡➸♥♦ ❦♦♥st❛♥t♦ ✺✹✵ r❡➸ ♥❛ ♠✐❧✐♠❡t❡r ♣♦s✈❡t✐♠♦ ③ ❜❡❧♦✳ ❩❛s❧♦♥ ❥❡ ♦❞
✉❦❧♦♥s❦❡ ♠r❡➸✐❝❡ ♦❞❞❛❧❥❡♥ 4 m✳ ❱ ❦❛t❡r✐ s♠❡r✐ ♥❛st❛♥❡ ♣r✈✐ ♣❛s ♦❥❛↔❡♥❥❛❄ ❑♦❧✐❦♦ ❥❡ ♥❛ ③❛s❧♦♥✉
r❛③❞❛❧❥❛ ♠❡❞ r❞❡↔♦ s✈❡t❧♦❜♦ ③ ✈❛❧♦✈♥♦ ❞♦❧➸✐♥♦ 650 nm ✐♥ ♠♦❞r♦ s✈❡t❧♦❜♦ ③ ✈❛❧♦✈♥♦ ❞♦❧➸✐♥♦
480 nm❄

✷✹✳ ◆❛ ✉❦❧♦♥s❦♦ ♠r❡➸✐❝♦ ③ ♠r❡➸♥♦ ❦♦♥st❛♥t♦ ✸✵✵ r❡➸ ♥❛ ♠✐❧✐♠❡t❡r ♣♦s✈❡t✐♠♦ ③ ❜❡❧♦✳ ❩❛s❧♦♥ ❥❡ ♦❞
✉❦❧♦♥s❦❡ ♠r❡➸✐❝❡ ♦❞❞❛❧❥❡♥ 2 m✳ ❱ ❦❛t❡r✐ s♠❡r✐ ♥❛st❛♥❡ ♣r✈✐ ♣❛s ♦❥❛↔❡♥❥❛❄ ❑♦❧✐❦♦ ❥❡ ♥❛ ③❛s❧♦♥✉
r❛③❞❛❧❥❛ ♠❡❞ r❞❡↔♦ s✈❡t❧♦❜♦ ③ ✈❛❧♦✈♥♦ ❞♦❧➸✐♥♦ 650 nm ✐♥ ♠♦❞r♦ s✈❡t❧♦❜♦ ③ ✈❛❧♦✈♥♦ ❞♦❧➸✐♥♦
480 nm❄

✷✺✳ ❑♦❧✐❦♦ ♠♦r❛ ❜✐t✐ ♠r❡➸♥❛ ❦♦♥st❛♥t❛ ✉❦❧♦♥s❦❡ ♠r❡➸✐❝❡✱ ❞❛ ❜♦st❛ ↔rt✐ ❝✐♥❦♦✈❡❣❛ ❞✉❜❧❡t❛ ♥❛ ③❛s❧♦♥✉
r❛③♠❛❦♥❥❡♥✐ 3 mm ✈ ♣r✈❡♠ ♣❛s✉ ♦❥❛↔❡♥❥❛❄ ❘❛③❞❛❧❥❛ ♠❡❞ ✉❦❧♦♥s❦♦ ♠r❡➸✐❝♦ ✐♥ t♦↔❦❛♠❛✱ ❦❥❡r
↔rt✐ ③❛❞❡♥❡t❛ ③❛s❧♦♥ ❥❡ 2 m✳ ✭λ1 = 491, 2 nm✱ λ2 = 492, 5 nm✮

✷✻✳ ❑♦❧✐❦♦ ♠♦r❛ ❜✐t✐ ♠r❡➸♥❛ ❦♦♥st❛♥t❛ ✉❦❧♦♥s❦❡ ♠r❡➸✐❝❡✱ ❞❛ ❜♦st❛ ↔rt✐ ♥❛tr✐❥❡✈❡❣❛ ❞✉❜❧❡t❛ ♥❛
③❛s❧♦♥✉ r❛③♠❛❦♥❥❡♥✐ 1 mm ✈ ♣r✈❡♠ ♣❛s✉ ♦❥❛↔❡♥❥❛❄ ❘❛③❞❛❧❥❛ ♠❡❞ ✉❦❧♦♥s❦♦ ♠r❡➸✐❝♦ ✐♥ t♦↔❦❛♠❛✱
❦❥❡r ↔rt✐ ③❛❞❡♥❡t❛ ③❛s❧♦♥ ❥❡ 2 m✳ ✭λ1 = 589, 0 nm✱ λ2 = 589, 6 nm✮
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✷✼✳ ❱♦❞✐❦♦✈❛ s✈❡t✐❧❦❛ ♦❞❞❛❥❛ ♣r❡❞✈s❡♠ s✈❡t❧♦❜♦ tr❡❤ ✈❛❧♦✈♥✐❤ ❞♦❧➸✐♥✳ ❘❞❡↔❛ s✈❡t❧♦❜❛ ✐♠❛ ✈❛❧♦✈♥♦
❞♦❧➸✐♥♦ λr = 656 nm✱ ♠♦❞r♦③❡❧❡♥❛ s✈❡t❧♦❜❛ ✐♠❛ ✈❛❧♦✈♥♦ ❞♦❧➸✐♥♦ λmz = 486 nm ✐♥ ✈✐❥♦❧✐↔♥❛
s✈❡t❧♦❜❛ ✐♠❛ ✈❛❧♦✈♥♦ ❞♦❧➸✐♥♦ λv = 434 nm✳ ❙ s♥♦♣♦♠ ♥❥❡♥❡ s✈❡t❧♦❜❡ ♣♦s✈❡t✐♠♦ ♥❛✈♣✐↔♥♦
♥❛✈③❞♦❧ ♣r♦t✐ ❞♥✉ ♣♦s♦❞❡✳ ❙♥♦♣ s✈❡t❧♦❜❡ ♣r❡str❡➸❡♠♦ ③ ✉❦❧♦♥s❦♦ ♠r❡➸✐❝♦✱ ❦✐ ❥❡ ♦❞ ❞♥❛ ♣♦s♦❞❡
♦❞❞❛❧❥❡♥❛ 1 m✳ ❑♦❧✐❦♦ ❥❡ r❛③❞❛❧❥❛ ♠❡❞ t♦↔❦❛♠❛✱ ❦❥❡r r❞❡↔❛ ✐♥ ✈✐❥♦❧✐↔♥❛ s✈❡t❧♦❜❛ ③❛❞❡♥❡t❛ ❞♥♦
♣♦s♦❞❡❄ ❱ ♣♦s♦❞♦ ♥❛❧✐❥❡♠♦ 20 cm ✈♦❞❡✳ ▲♦♠♥✐ ❦♦❧✐↔♥✐❦ ✈ ✈♦❞✐ ❥❡ ③❛ r❞❡↔♦ s✈❡t❧♦❜♦ nr = 1, 331✱
③❛ ♠♦❞r♦③❡❧❡♥♦ nmz = 1, 337 ✐♥ ③❛ ✈✐❥♦❧✐↔♥♦ nv = 1, 343✳ ❑♦❧✐❦♦ ❥❡ s❡❞❛❥ r❛③❞❛❧❥❛ ♠❡❞ ♦❜❡♠❛
t♦↔❦❛♠❛❄

uklonska mrezica
��������
��������
��������
��������

1 m

20 cm

✼✳✸ ❣❡♦♠❡tr✐❥s❦❛ ♦♣t✐❦❛

✶✳ P♦❞ ❧✉♣♦ ③ ❣♦r✐➨↔♥♦ r❛③❞❛❧❥♦ 5 cm ♥❛❥ st♦❥✐ ♣r❡❞♠❡t t❛❦♦✱ ❞❛ ❞♦❜✐♠♦ ♥❛✈✐❞❡③♥♦ s❧✐❦♦ ✈ r❛③❞❛❧❥✐
25 cm✳ ❑♦❧✐❦➨♥❛ ❥❡ t❡❞❛❥ ♣♦✈❡↔❛✈❛❄

✷✳ ❉♦❧♦↔✐ ♣r✐ ❦♦♥✈❡❦s♥✐ ❧❡↔✐ ③ r✐s❛♥❥❡♠ ✐♥ ③ r❛↔✉♥♦♠ ❧❡❣♦ ✐♥ ✈❡❧✐❦♦st s❧✐❦❡✱ ↔❡ ❥❡ ♣r❡❞♠❡t ✈ r❛③❞❛❧❥✐
✸✱✺ ❢ ♦❞ ❧❡↔❡✦

✸✳ Pr❡❞ ❧❡↔♦ ③ ❣♦r✐➨↔♥♦ r❛③❞❛❧❥♦ 5 cm ♥❛❥ st♦❥✐ ♣r❡❞♠❡t t❛❦♦✱ ❞❛ ❥❡ ♦❞ ♥❥❡ ♦❞❞❛❧❥❡♥ 25 cm✳ ❑♦❧✐❦♦
❥❡ r❡❛❧♥❛ s❧✐❦❛ ♦❞❞❛❧❥❡♥❛ ♦❞ ❧❡↔❡❄ ❑♦❧✐❦➨♥❛ ❥❡ t❡❞❛❥ ♣♦✈❡↔❛✈❛❄

❘♣✿ ↔❡ ❥❡ r❛③❞❛❧❥❛ ♣r❡❞♠❡t❛ ♦❞ t❡♠❡♥❛ ❧❡↔❡ a✱ r❛③❞❛❧❥❛ s❧✐❦❡ ♦❞ t❡♠❡♥❛ ❧❡↔❡ b ✐♥ ❣♦r✐➨↔♥❛
r❛③❞❛❧❥❛ f ✱ ❧❛❤❦♦ ③❛♣✐➨❡♠♦ ❡♥❛↔❜♦ ❧❡↔❡✿

1

a
+

1

b
=

1

f

❡♥❛↔❜♦ ✉r❡❞✐♠♦✿
1

b
=

1

f
−

1

a
=

a − f

fa

t❡r ✐③r❛③✐♠♦ b✿
b =

fa

a − f
=

5 cm · 25 cm

25 cm − 5 cm
= 6, 25 cm

P♦✈❡↔❛✈❛ ❥❡ ❞♦❧♦↔❡♥❛ ❦♦t r❛③♠❡r❥❡ ♠❡❞ ✈❡❧✐❦♦st❥♦ s❧✐❦❡ ✐♥ ✈❡❧✐❦♦st❥♦ ♣r❡❞♠❡t❛✱ t♦ r❛③♠❡r❥❡
♣❛ ❥❡ ❡♥❛❦♦ r❛③♠❡r❥✉ ♠❡❞ b ✐♥ a✳ P♦✈❡↔❛✈❛ ❥❡ t♦r❡❥✿

b

a
=

1

4
= 0, 25

✹✳ Pr❡❞ ❧❡↔♦ ③ ❣♦r✐➨↔♥♦ r❛③❞❛❧❥♦ 15 cm ♥❛❥ st♦❥✐ ♣r❡❞♠❡t t❛❦♦✱ ❞❛ ❥❡ r❡❛❧♥❛ s❧✐❦❛ ♥❛st❛♥❡ 45 cm
❞❛❧❡↔ ♦❞ ❧❡↔❡✳ ❑♦❧✐❦♦ ❥❡ ♣r❡❞♠❡t ♦❞❞❛❧❥❡♥ ♦❞ ❧❡↔❡❄ ❑♦❧✐❦➨♥❛ ❥❡ t❡❞❛❥ ♣♦✈❡↔❛✈❛❄



✼ ❱❆▲❖❱❆◆❏❊ ✶✷✻

❘♣✿ P♦❞♦❜♥♦ ❦♦t ③❣♦r❛❥✳ a = 22, 5 cm ✐♥ ♣♦✈❡↔❛✈❛ ❥❡ 2✳

✺✳ Pr❡❞ ❧❡↔♦ ③ ❣♦r✐➨↔♥♦ r❛③❞❛❧❥♦ 5 cm ♥❛❥ st♦❥✐ ♣r❡❞♠❡t t❛❦♦✱ ❞❛ ❞♦❜✐♠♦ r❡❛❧♥♦ s❧✐❦♦ ✈ r❛③❞❛❧❥✐
45 cm✳ ❑♦❧✐❦♦ ❥❡ ♣r❡❞♠❡t ♦❞❞❛❧❥❡♥ ♦❞ ❧❡↔❡❄ ❑♦❧✐❦➨♥❛ ❥❡ t❡❞❛❥ ♣♦✈❡↔❛✈❛❄

✻✳ Pr❡❞ ❧❡↔♦ ③ ❣♦r✐➨↔♥♦ r❛③❞❛❧❥♦ 15 cm ♥❛❥ st♦❥✐ ♣r❡❞♠❡t t❛❦♦✱ ❞❛ ❞♦❜✐♠♦ r❡❛❧♥♦ s❧✐❦♦ ✈ r❛③❞❛❧❥✐
20 cm✳ ❑♦❧✐❦♦ ❥❡ ♣r❡❞♠❡t ♦❞❞❛❧❥❡♥ ♦❞ ❧❡↔❡❄ ❑♦❧✐❦➨♥❛ ❥❡ t❡❞❛❥ ♣♦✈❡↔❛✈❛❄

✼✳ Pr❡❞♠❡t ❥❡ ♦❞ ③❛s❧♦♥❛ ♦❞❞❛❧❥❡♥ 2 m✳ ❑❛♠ ♠❡❞ ♣r❡❞♠❡t ✐♥ ③❛s❧♦♥ ♠♦r❛♠♦ ♣♦st❛✈✐t✐ ❧❡↔♦ ③
❣♦r✐➨↔♥♦ r❛③❞❛❧❥♦ 30 cm✱ ❞❛ ❜♦ ♥❛ ③❛s❧♦♥✉ ♥❛st❛❧❛ ♦str❛ r❡❛❧♥❛ s❧✐❦❛❄ ❑♦❧✐❦♦ ❥❡ t❡❞❛❥ ♣♦✈❡↔❛✈❛❄

❘♣✿ ❖↔✐t♥♦ ❜♦♠♦ ✐♠❡❧✐ ❞✈❡ r❡➨✐t✈✐✱ ♣r✐ ❡♥✐ ❜♦ s❧✐❦❛ ✈❡↔❥❛ ♦❞ ♣r❡❞♠❡t❛✱ ♣r✐ ❞r✉❣✐ ♣❛ ♦❜r❛t♥♦✳
➆t❡✈✐❧❦❡ s♦ ❣♦t♦✈♦ s✐♠❡tr✐↔♥❡✳ ◆❛❥❜r➸ ❥❡ ♣♦tr❡❜♥♦ r❡➨✐t✐ ❦✈❛❞r❛t♥♦ ❡♥❛↔❜♦✳
♣r✈❛ r❡➨✐t❡✈✿ a = 1, 63 m✱ b = 0, 37 m ✐♥ ♣♦✈❡↔❛✈❛ 0, 225 ❞r✉❣❛ r❡➨✐t❡✈✿ b = 1, 63 m✱
a = 0, 37 m ✐♥ ♣♦✈❡↔❛✈❛ 4, 43

✽✳ Pr❡❞♠❡t ❥❡ ♦❞ ③❛s❧♦♥❛ ♦❞❞❛❧❥❡♥ 2 m✳ ❑❛♠ ♠❡❞ ♣r❡❞♠❡t ✐♥ ③❛s❧♦♥ ♠♦r❛♠♦ ♣♦st❛✈✐t✐ ❧❡↔♦ ③
❣♦r✐➨↔♥♦ r❛③❞❛❧❥♦ 40 cm✱ ❞❛ ❜♦ ♥❛ ③❛s❧♦♥✉ ♥❛st❛❧❛ ♦str❛ r❡❛❧♥❛ s❧✐❦❛❄ ❑♦❧✐❦♦ ❥❡ t❡❞❛❥ ♣♦✈❡↔❛✈❛❄

❘♣✿ ♣r✈❛ r❡➨✐t❡✈✿ a = 1, 45 m✱ b = 0, 55 m ✐♥ ♣♦✈❡↔❛✈❛ 0, 38 ❞r✉❣❛ r❡➨✐t❡✈✿ b = 1, 45 m✱
a = 0, 55 m ✐♥ ♣♦✈❡↔❛✈❛ 2, 62

✾✳ ❉♦❧♦↔❛❧✐ s♠♦ ❣♦r✐➨↔♥♦ r❛③❞❛❧❥♦ ❦♦♥✈❡❦s♥❡ ❧❡↔❡✳ ▼❡r✐❧✐ s♠♦ r❛③❞❛❧❥♦ r❡❛❧♥❡ s❧✐❦❡ ♦❞ ❧❡↔❡ ✈
♦❞✈✐s♥♦st✐ ♦❞ r❛③❞❛❧❥❡ ♣r❡❞♠❡t❛ ♦❞ ❧❡↔❡✳ ▼❡r✐t✈❡✱ ❦✐ s♠♦ ❥✐❤ ❞♦❜✐❧✐ s♦ ♣♦❞❛♥❡ ✈ t❛❜❡❧✐✳

a❬❝♠❪ ✷✺✱✶ ✷✾✱✼ ✸✺✱✼ ✹✵✱✵ ✹✹✱✽ ✹✾✱✸ ✺✹✱✹ ✻✵✱✶ ✻✺✱✷ ✻✽✱✽
b❬❝♠❪ ✶✵✸✱✺ ✺✾✱✼ ✹✼✱✷ ✸✾✱✸ ✸✺✱✺ ✸✶✱✾ ✸✶✱✹ ✸✶✱✹ ✷✾✱✺ ✷✽✱✵

◆❛r✐➨✐ ❣r❛❢ ♦❜r❛t♥❡ ✈r❡❞♥♦st✐ r❛③❞❛❧❥❡ s❧✐❦❡ ♦❞ ❧❡↔❡ ✈ ♦❞✈✐s♥♦st✐ ♦❞ ♦❜r❛t♥❡ ✈r❡❞♥♦st✐ r❛③❞❛❧❥❡
♣r❡❞♠❡t❛ ♦❞ ❧❡↔❡ ❬1b ( 1

a )]✦ ◆❛ ❣r❛❢✉ ♥❛❥ ❜♦ ✈s❛❥ ✼ ❥❛s♥♦ ✈✐❞♥✐❤ ♠❡rs❦✐❤ t♦↔❦✦ ❑❥❡ ♥❛ ❣r❛❢✉ s❡
s❦r✐✈❛ ❣♦r✐➨↔♥❛ r❛③❞❛❧❥❛ ❧❡↔❡ ✭❥❛s♥♦ ❥♦ ♦③♥❛↔✐✦✮❄ ❑♦❧✐❦♦ ❥❡ ❣♦r✐➨↔♥❛ r❛③❞❛❧❥❛ ❧❡↔❡❄ ✭✰✮❑♦❧✐❦♦ ❥❡
r❡❧❛t✐✈♥❛ ♥❛♣❛❦❛ t❛❦♦ ❞♦❧♦↔❡♥❡ ❣♦r✐➨↔♥❡ r❛③❞❛❧❥❡❄

✶✵✳ Pr❡❞ ❦♦♥✈❡❦s♥♦ ❧❡↔♦✱ ❦✐ ✐♠❛ ❣♦r✐➨↔♥♦ r❛③❞❛❧❥♦ 20 cm ♣♦st❛✈✐♠♦ ♣r❡❞♠❡t✳ ◆❛ ❞r✉❣✐ str❛♥✐ ❧❡↔❡
♥❛st❛♥❡ r❡❛❧♥❛ s❧✐❦❛✱ ❦✐ ❥❡ tr✐❦r❛t ✈❡↔❥❛ ❦♦t ♣r❡❞♠❡t✳ ❑♦❧✐❦♦ ❥❡ ♦❞ ❧❡↔❡ ♦❞❞❛❧❥❡♥ ♣r❡❞♠❡t ✐♥
❦♦❧✐❦♦ ❥❡ ♦❞❞❛❧❥❡♥❛ s❧✐❦❛❄ ◆❛r✐➨✐ s❧✐❦♦ ✈ ♠❡r✐❧✉✦ ✭✰✮❯❣♦t♦✈✐✱ ❦❛❦♦ ❥❡ ♣♦✈❡↔❛✈❛ ♣r✐ ♣r❡s❧✐❦❛✈✐ s
❦♦♥✈❡❦s♥♦ ❧❡↔♦ ♦❞✈✐s♥❛ ♦❞ ♦❞❞❛❧❥❡♥♦st✐ ♣r❡❞♠❡t❛ ♦❞ ❧❡↔❡✱ t❡r ♥❛r✐➨✐ ❣r❛❢✦

✶✶✳ Pr❡❞ ❦♦♥❦❛✈♥♦ ③r❝❛❧♦✱ ❦✐ ✐♠❛ ❣♦r✐➨↔♥♦ r❛③❞❛❧❥♦ 30 cm ♣♦st❛✈✐♠♦ ♣r❡❞♠❡t✳ ◆❛ ✐st✐ str❛♥✐ ③r❝❛❧❛
❦♦t ❥❡ ♣r❡❞♠❡t✱ ♥❛st❛♥❡ r❡❛❧♥❛ s❧✐❦❛✱ ❦✐ ❥❡ tr✐❦r❛t ♠❛♥❥➨❛ ❦♦t ♣r❡❞♠❡t✳ ❑♦❧✐❦♦ ❥❡ ♦❞ ③r❝❛❧❛
♦❞❞❛❧❥❡♥ ♣r❡❞♠❡t ✐♥ ❦♦❧✐❦♦ ❥❡ ♦❞❞❛❧❥❡♥❛ s❧✐❦❛❄ ◆❛r✐➨✐ s❧✐❦♦ ✈ ♠❡r✐❧✉✦ ✭✰✮❯❣♦t♦✈✐✱ ❦❛❦♦ ❥❡ ♣♦✈❡✲
↔❛✈❛ ♣r✐ ♣r❡s❧✐❦❛✈✐ s ❦♦♥❦❛✈♥✐♠ ③r❝❛❧♦♠ ♦❞✈✐s♥❛ ♦❞ ♦❞❞❛❧❥❡♥♦st✐ ♣r❡❞♠❡t❛ ♦❞ ❧❡↔❡✱ t❡r ♥❛r✐➨✐
❣r❛❢✦

❘♣✿ a = 120 cm✱ b = 40 cm❀ ♥❛ s❧✐❦✐ ♠♦r❛❥♦ ❜✐t✐ r❛③♠❡r❥❛ ♠❡❞ f ✱ a✱ b✱ s ✐♥ p ♣r❛✈❛

✼✳✹ ❡♥❡r❣✐❥s❦❛ ♦♣t✐❦❛

✶✳ P♦↔r♥❥❡♥♦ ❦♦✈✐♥s❦♦ ♣❧♦➨↔♦ s ♣♦✈r➨✐♥♦ 25 cm ♣♦st❛✈✐♠♦ t❛❦♦✱ ❞❛ ♣❛❞❛❥♦ s♦♥↔♥✐ ➸❛r❦✐ ♥❛♥❥♦
♣r❛✈♦❦♦t♥♦✳ ❉♦ ❦♦❧✐❦➨♥❡ t❡♠♣❡r❛t✉r❡ ❧❛❤❦♦ ❙♦♥❝❡ s❡❣r❡❥❡ ♣❧♦➨↔♦✱ ↔❡ ✉♣♦➨t❡✈❛♠♦✱ ❞❛ ❥❡ ♥❛
❩❡♠❧❥✐♥✐ ♣♦✈r➨✐♥✐ ❣♦st♦t❛ s✈❡t❧♦❜♥❡❣❛ t♦❦❛ ✐③ ❙♦♥❝❛ j = 1kW/m2 ❄ ❑❛❥ ♣❛ ↔❡ ❥❡ ♣❧♦➨↔❛
♥❛❣♥❥❡♥❛ 30◦ ❣❧❡❞❡ ♥❛ ✈♦❞♦r❛✈♥✐❝♦❄

✷✳ ❑♦❧✐❦♦ ❥❡ t❡♠♣❡r❛t✉r❛ ③✈❡③❞❡✱ ❦✐ ♦❞❞❛❥❛ ♥❛❥✈❡↔ s✈❡t❧♦❜❡ ♣r✐ ✈❛❧♦✈♥✐ ❞♦❧➸✐♥✐ 400 nm❄

✸✳ Pr✐ ❦❛t❡r✐ ✈❛❧♦✈♥✐ ❞♦❧➸✐♥✐ ✐③s❡✈❛ ③✈❡③❞❛ ♥❛❥✈❡↔ s✈❡t❧♦❜❡✱ ↔❡ ❥❡ ♥❥❡♥❛ ♣♦✈r➨✐♥s❦❛ t❡♠♣❡r❛t✉r❛
40000 K❄

✹✳ ❑♦❧✐❦♦ ❥❡ ✐③s❡✈ ✭s✈❡t❧♦❜♥✐ t♦❦✮ ❙♦♥❝❛✱ ↔❡ ❥❡ s♦♥↔♥❛ ❦♦♥st❛♥t❛ ✭❣♦st♦t❛ s✈❡t❧♦❜♥❡❣❛ t♦❦❛✮ ♥❛
❩❡♠❧❥✐ 1, 4 kW/m2 ❄ ❩❡♠❧❥❛ ♣❛ ❥❡ ♦❞ ❙♦♥❝❛ ♦❞❞❛❧❥❡♥❛ 150 ♠✐❧✐❥♦♥♦✈ km✱ ♣r❡♠❡r ❙♦♥❝❛ ♣❛ ❥❡
700000 km✳

✺✳ ❑♦❧✐❦♦ ❥❡ s♦♥↔♥❛ ❦♦♥st❛♥t❛ ✭❣♦st♦t❛ s✈❡t❧♦❜♥❡❣❛ t♦❦❛✮ ♥❛ ❩❡♠❧❥✐✱ ↔❡ ❥❡ ✐③s❡✈ ✭s✈❡t❧♦❜♥✐ t♦❦✮
❙♦♥❝❛ 4 · 1027 W❄ ❩❡♠❧❥❛ ♣❛ ❥❡ ♦❞ ❙♦♥❝❛ ♦❞❞❛❧❥❡♥❛ 150 ♠✐❧✐❥♦♥♦✈ km✱ ♣r❡♠❡r ❙♦♥❝❛ ♣❛ ❥❡
700000 km✳
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✻✳ ❘❛❞✐❥s❦❛ ♣♦st❛❥❛ ♦❞❞❛❥❛ ❡❧❡❦tr♦♠❛❣♥❡t♥♦ ✈❛❧♦✈❛♥❥❡✳ ❚♦ ✈❛❧♦✈❛♥❥❡ ✐♠❛ ♥❛ ♥❡❦❡♠ ♠❡st✉ ❛♠♣❧✐✲
t✉❞♦ ❣♦st♦t❡ ♠❛❣♥❡t♥❡❣❛ ♣♦❧❥❛ 0, 3 · 10−3 T✳ ❑♦❧✐❦➨♥✐ st❛ ❛♠♣❧✐t✉❞❛ ❥❛❦♦st✐ ❡❧❡❦tr✐↔♥❡❣❛ ♣♦❧❥❛
✐♥ ❣♦st♦t❛ ❡♥❡r❣✐❥s❦❡❣❛ t♦❦❛ ♥❛ t❡♠ ❦r❛❥✉❄

✼✳ ●♦st♦t❛ ❡♥❡r❣✐❥s❦❡❣❛ t♦❦❛✱ ❦✐ s s♦♥❝❛ ♣r✐❤❛❥❛ ♥❛ ❩❡♠❧❥♦✱ ❥❡ 1, 35 kW/m2 ✳ ■③r❛↔✉♥❛❥ ❛♠♣❧✐t✉❞✐
❥❛❦♦st✐ ❡❧❡❦tr✐↔♥❡❣❛ ♣♦❧❥❛ ✐♥ ❣♦st♦t❡ ♠❛❣♥❡t♥❡❣❛ ♣♦❧❥❛ ③❛ s♦♥↔♥♦ s✈❡t❧♦❜♦❄


